




















The material generally displays softening behavior past
the elastic limit, but transitions to hardening behavior
after a small increase in macroscopic strain.

Composites with double concurrent separation within
the inhomogeneity system

We now consider scenarios in which concurrent separ-
ation is permitted at both the particle-coating interface,
and the coating-matrix interface. The effects of the
geometry of the microstructure, the material properties,
and the cohesive properties are investigated.

Effect of microstructure. Microstructure plays a significant
role in the response of the composite. Both the effect of
particle size and the effect of coating thickness are
investigated. First, the effect of particle size is con-
sidered. The particle sizes are chosen as R¼ 0.5mm,
1mm, and 1.5mm, with a fixed particle volume fraction
of f particle ¼ 0:3, and a fixed coating volume fraction of
f coating ¼ 0:3. The matrix has an elastic modulus of
100MPa, the coatings an elastic modulus of 200MPa,
and the particles an elastic modulus of 100GPa. For
this investigation, the cohesive strength is 10MPa. The
initial elastic behavior of the composite is independent
of the particle size, as illustrated in Figure 11(a).
However, there are two distinct kinks in the stress-
strain response of the material. Separation initiates at
the particle-coating interface, at a macroscopic stress of
approximately 6.8MPa. Beyond this point, the stiffness
of the material decreases with increasing particle size.
The second distinct kink in the stress–strain response
represents the initiation of separation at the coating-
matrix interface. After the coating-matrix interface sep-
arates, the material hardens for fine particles
(R¼ 0.5mm), whereas the material softens for coarse
particles (R> 0.5mm).

In addition, for a coarse particle (R¼ 1mm), the
effect of coating thickness is investigated. For a particle
volume fraction of f particle ¼ 0:3, the coating volume
fraction is varied (f coating ¼ 0:15, 0.3, 0.45). As the
volume fraction of the stiff coating increases, the elastic
stiffness of the material increases; however, the macro-
scopic stress at the elastic limit remains the same, as
illustrated in Figure 11(b). Separation initiates at the
particle-coating interface, followed by that at the coat-
ing-matrix interface. For all cases considered, the
material displays softening behavior after both inter-
faces have separated.

Effect of cohesive energies at debonding interfaces. The
debonding behavior at each interface depends on
the fracture energy of the cohesive model; the larger
the fracture energy, the more energy is required to
cause debonding. First, the case of a rigid particle

with a stiff coating is considered. The particle size is
R¼ 1mm, with a particle volume fraction of
f particle ¼ 0:3, and a 0.3mm thick coating. The matrix
has an elastic modulus of 100MPa, the coating an elas-
tic modulus of 200MPa, and the particle an elastic
modulus of 100GPa. The cohesive strength is 10MPa
and the fracture energy is varied. The particle-coating
interface separates first, at a macroscopic stress of
approximately 6.8MPa, as illustrated in Figure 12(a).
As the fracture energy at this interface increases, the
stiffness of the subsequent material increases. The coat-
ing-matrix interface separates second, and the material
displays softening behavior past the elastic limit. The
rate at which the material displays softening behavior
increases with decreasing fracture energy at the coating-
matrix interface.

In addition, we consider the case of particles which
are softer than both the coating and the matrix. The
geometry of the microstructure remains the same, but
now the elastic modulus of the matrix is 150MPa, the
elastic modulus of the coating is 110MPa, and the elas-
tic modulus of the particle is 80MPa. Although cohe-
sive elements are inserted at both interfaces, the
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Figure 11. Effect of (a) particle radius and (b) coating thickness.

The following properties are considered: Ematrix ¼ 100 MPa,

Ecoating ¼ 200 MPa, Eparticle ¼ 100 GPa, fparticle ¼ 0:3, fcoating ¼ 0:3
and �cohesive ¼ 10 MPa.
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material only separates at the coating-matrix interface,
as illustrated by the presence of a single kink in the
stress–strain response in Figure 12(b). The fracture
energy does not alter the elastic behavior of the mater-
ial. Beyond the elastic limit, the material displays
softening behavior, the rate of which increases with
decreasing fracture energy, indicating a more brittle
behavior.

Effect of cohesive strengths at debonding interfaces. The
effect of the cohesive strength on the behavior of the
material is investigated. The particle size is set as
R¼ 1mm, with a volume fraction of f particle ¼ 0:3,
and a coating thickness of 0.3mm. The particle, coat-
ing, and matrix have an elastic modulus of 100GPa,
200MPa, and 100MPa, respectively. The cohesive
strengths for the two interfaces are varied independ-
ently. When the strength of the particle-coating inter-
face is set to 15MPa, the material separates at the
coating-matrix interface, and no separation occurs at
the particle-coating interface, as demonstrated by the

single kink in the response illustrated in Figure 13.
However, when the strength of the particle-coating
interface is set to 10MPa, the material separates at
the particle-coating interface first then at coating-
matrix interface. Beyond the elastic limit, the material
displays softening behavior in all cases considered. At
large macroscopic strains, complete separation occurs
and the load is carried entirely by the matrix shell.

Remarks on results

The results from both the theoretical and computa-
tional models agree well with one another. The initial,
elastic region is captured exactly in all cases. In general,
the elastic limit (the point at which separation initiates)
is captured, and the post peak behavior is represented
well. When the chosen cohesive parameters lead to very
brittle behavior, represented by rapid changes in stress
with small increases in strain, the results from the finite
element model deviate slightly from those captured the-
oretically. Through this thorough parametric study, we
have illustrated the significant effect that a coating has
on the overall macroscopic behavior of composite
materials.

Discussion of extensions

While the current formulation focuses on the important
case of hydrostatic tension, the numerical model is gen-
eral and can be extended to any case of loading or
underlying material. In this section, we motivate the
extension of this work, by numerically considering the
case of a composite material with coated particle inclu-
sions loaded in uniaxial tension. Under uniaxial ten-
sion, the debonding behavior of the matrix from the
particle is nonuniform, going through gradual stages
of partial debonding, as observed experimentally and
illustrated in Figure 14.
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Figure 12. Effect of cohesive fracture energy for (a) rigid par-

ticles and (b) softer particles. The properties for each case are:

(a) Ematrix ¼ 100 MPa, Ecoating ¼ 200 MPa, Eparticle ¼ 100 GPa,

fparticle ¼ 0:3 and �cohesive ¼ 10 MPa; (b)Ematrix ¼ 150 MPa,

Ecoating ¼ 110 MPa, Eparticle ¼ 80 MPa, fparticle ¼ 0:3, and

�cohesive ¼ 10 MPa.
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Figure 13. Effect of cohesive strength on the constitutive

relationship.
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The problem of uniaxial tension of linear elastic
materials, accounting for debonding, has been investi-
gated by numerous researchers. Needleman46 devel-
oped a cohesive model and applied it to the problem
of inclusion debonding of a particle reinforced compos-
ite. He was able capture the partial debonding and
stress redistribution behavior around the particle.
Levy47 investigated nonlinear interfacial debonding of
a fiber reinforced composite material using a single
composite cylinder. Tan et al.26 extended the Mori–
Tanaka method to the case of uniaxial tension,
accounting for interface debonding using a linear
softening cohesive relation. None of the above investi-
gations considered the influence of a coating (or inter-
phase) between the particle and the matrix; however,
Shodja and Sarvestani,48 Shodja and Roumi,7 and
Hatami-Marbini and Shodja49 have demonstrated

that there are significantly different elastic fields
around such inclusions, effecting the behavior of
debonding.

Uniaxial tension with separation along the
particle-coating interface

The first scenario we consider investigates progressive
debonding at the particle-coating interface. The geom-
etry and mesh of the model is illustrated in Figure 15.
The particle has a volume fraction of 20%, with a
diameter of 1mm, and the coating is 0.1mm thick.
The matrix has an elastic modulus of 80MPa, and
the particle has an elastic modulus of 400MPa.
Cohesive elements are inserted between the particle
and the matrix and have a cohesive fracture energy of
1.0N/m, a cohesive strength of 15MPa, a softening
shape parameter of 3, and an initial slope indicator of
0.005. The finite element mesh contains approximately
100,000 linear tetrahedral elements to model the bulk
material and 3765 cohesive elements to capture the
debonding behavior. Rollers are placed on the faces
corresponding to the planes of symmetry, and the lat-
eral extension is displacement controlled, as illustrated
in Figure 15.

The results of the analysis are illustrated in Figure 16.
When the coating is introduced, the elastic stiffness and
elastic limit increase slightly. However, the most signifi-
cant influence of the coating is in the post-peak behavior
of the composite. Without the coating, the composite
displays a small region of softening prior to an extended
region of hardening. The cases which include a coating
display hardening behavior past the elastic limit. In com-
parison to the hydrostatic loading cases considered
throughout the rest of the paper, the global strain at
the elastic limit is two to three times greater than that

Figure 15. Single particle model used for uniaxial tension simulations. (a) Geometry illustrating the displacement controlled lateral

displacement and (b) mesh.

Figure 14. Experimental observation of interface debonding in

a metal matrix composite undergoing uniaxial tension, Kanetake

et al.45
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seen in comparable hydrostatic loading cases. As well,
the transition between the elastic range and the
debonded range is more gradual in the case of uniaxial
tension, because the debonding occurs gradually, initi-
ating at the pole of the particle and propagating down to
the equator, as illustrated in Figure 17.

Uniaxial tension with separation at both the particle-
coating and coating-matrix interfaces

For additional motivation, we consider a scenario in
which concurrent separation is permitted at both the
particle-coating interface and coating-matrix interface.
The same bulk mesh is selected for this study, with an
additional 5812 cohesive elements inserted between the
coating and the matrix. All the cohesive elements have
a cohesive fracture energy of 1.0N/m, a softening
shape parameter of 3, and an initial slope indicator of

0.005. The cohesive strength is 8MPa and 12MPa at
the particle-coating and coating-matrix interfaces,
respectively.

The results of the analysis are illustrated in
Figure 18. The ‘‘no coating’’ case corresponds to a
coating layer with the properties of the matrix. As
with the single separation case, when the coating is
introduced, the elastic stiffness and elastic limit increase
slightly. There are two distinct kinks in the stress–strain
response of the material. Separation initiates at the par-
ticle-coating interface, at a macroscopic stress of
approximately 10MPa. Beyond this point, the stiffness
of the material decreases with decreasing coating modu-
lus. The second distinct kink in the stress–strain
response represents the initiation of separation at the
coating-matrix interface. After the coating-matrix

Figure 17. Progression of debonding of a coated particle under uniaxial tension when separation is permitted at the particle-coating

interface. Displacements scaled by a factor of 10, for illustrative purposes.
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Figure 18. Constitutive response for the coated particle

composite loaded in uniaxial tension, demonstrating the influence

of the coating when separation is permitted at both the particle-

coating and coating-matrix interfaces. The following properties

are considered: Ematrix ¼ 80 MPa, Eparticles ¼ 400 MPa,

fparticle ¼ 0:2, tcoating ¼ 0:1 mm, �cohesive ¼ 10 MPa,

�cohesive ¼ 1:0 N=m. The configurations A, B, and C are illustrated

in Figure 19.
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Figure 16. Constitutive response for the coated particle

composite loaded in uniaxial tension, demonstrating the influence

of the coating when separation is permitted at the particle-

coating interface. The following properties are considered:

Ematrix ¼ 80 MPa, Eparticles ¼ 400 MPa, fparticle ¼ 0:2,

tcoating ¼ 0:1 mm, �cohesive ¼ 15 MPa, �cohesive ¼ 1:0 N=m:
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interface separates, the material displays snap-back
behavior in all cases considered. At large macroscopic
strains, complete separation occurs, and the load is
carried entirely by the matrix shell. The progression
of debonding is illustrated in Figure 19.

Conclusion

The macroscopic response of composite materials with
multi-coated particles is investigated through a paired
theoretical and computational study. We have used the
extended Mori–Tanaka model for the theoretical
micromechanics investigation, while the computational
study uses three-dimensional finite element models with
intrinsic cohesive elements. The cohesive elements
follow the PPR potential-based cohesive zone model,
capturing the nonlinear debonding process at the inter-
face, and are implemented in the commercial finite
element software ABAQUS. The change in the macro-
scopic behavior due to changes in the microstructure is
the focus of this investigation. The effects due to vari-
ation in volume fraction of particles, in coating thick-
ness, in material properties, in cohesive properties, and
in location of separation are investigated. In general,
when separation is permitted at a single interface (either
the particle-coating or coating-matrix interface), the
behavior captured numerically agrees well with that
captured theoretically (Figures 7 to 10). Depending
on the material properties, when multiple interfaces
are permitted to separate, the particle-coating interface
tends to separate first, followed by the coating-matrix
interface, resulting in two distinct kinks in the stress–
strain response (Figures 11 to 13). When the macro-
scopic stress–strain response displays softening or
hardening behavior, the debonding process is stable,
whereas when the response displays snap-back behav-
ior, the debonding process demonstrates instabilities.
Overall, the results from the computational study

correlate very well with those from the theoretical
study and provide insight to the debonding process of
composite materials with multi-coated particles. The
natural extension of this work is to consider additional
loading cases and constitutive relations. The extension
of the numerical model to uniaxial tension illustrates
progressive debonding behavior regardless of the loca-
tion of separation.
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