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Abstract
This work investigates elastic–plastic crack growth in ceramic/metal functionally graded materials (FGMs). The
study employs a phenomenological, cohesive zone model proposed by the authors and simulates crack growth by the
gradual degradation of cohesive surfaces ahead of the crack front. The cohesive zone model uses six material-dependent
parameters (the cohesive energy densities and the peak cohesive tractions of the ceramic and metal phases, respectively,
and two cohesive gradation parameters) to describe the constitutive response of the material in the cohesive zone. A
volume fraction based, elastic–plastic model (extension of the original Tamura–Tomota–Ozawa model) describes the
elastic–plastic response of the bulk background material. The numerical analyses are performed using WARP3D, a
fracture mechanics research ﬁnite element code, which incorporates solid elements with graded elastic and plastic
properties and interface-cohesive elements coupled with the functionally graded cohesive zone model. Numerical values
of volume fractions for the constituents speciﬁed at nodes of the ﬁnite element model set the spatial gradation of
material properties with isoparametric interpolations inside interface elements and background solid elements to deﬁne
pointwise material property values. The paper describes applications of the cohesive zone model and the computational
scheme to analyze crack growth in a single-edge notch bend, SE(B), specimen made of a TiB/Ti FGM. Cohesive parameters are calibrated using the experimentally measured load versus average crack extension (across the thickness)
responses of both Ti metal and TiB/Ti FGM SE(B) specimens. The numerical results show that with the calibrated
cohesive gradation parameters for the TiB/Ti system, the load to cause crack extension in the FGM is much smaller
than that for the metal. However, the crack initiation load for the TiB/Ti FGM with reduced cohesive gradation parameters (which may be achieved under diﬀerent manufacturing conditions) could compare to that for the metal. Crack
growth responses vary strongly with values of the exponent describing the volume fraction proﬁle for the metal. The
investigation also shows signiﬁcant crack tunneling in the Ti metal SE(B) specimen. For the TiB/Ti FGM system,
however, crack tunneling is pronounced only for a metal-rich specimen with relatively smaller cohesive gradation
parameter for the metal.
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1. Introduction
Advances in material synthesis technologies have spurred the development of a new class of materials,
called functionally graded materials (FGMs), with promising applications in aerospace, transportation,
energy, electronics and biomedical engineering [1–3]. An FGM comprises a multi-phase material with
volume fractions of the constituents varying gradually in a pre-determined (designed) proﬁle, thus yielding
a nonuniform microstructure in the material with continuously graded properties. In applications involving
severe thermal gradients (e.g. thermal protection systems), FGMs exploit the heat, oxidation and corrosion
resistance typical of ceramics, and the strength, ductility and toughness typical of metals. Damage tolerance
and defect assessments for structural integrity of FGM components require knowledge of the fracture
behavior of FGMs. For ceramic/metal FGMs, cracks generally nucleate near the ceramic surface exposed
to the environment and then grow towards the metal side. When a crack extends into the metal rich region,
the substantial plastic deformation in the background FGM invalidates simple crack growth models [4,5]
based on linear-elastic crack tip analysis [6,7].
This work describes an investigation of crack growth in ceramic/metal FGMs undergoing plastic deformation in the background (bulk) material. The present study focuses on three-dimensional (3-D) numerical modeling of elastic–plastic crack growth and utilizes results of recent experimental studies on
fracture in ceramic/metal FGMs [8] for parameter calibration. The plasticity formulation follows a composite model proposed by Tamura et al. [9] (referred to as the TTO model henceforth), which has been
employed in the study of plastic deformation of FGMs in [8,10,11]. The simulation of crack growth involves the gradual degradation of surfaces along a cohesive zone ahead of the crack. The cohesive zone
approach proves to be a convenient and eﬀective method to simulate and analyze crack growth in ductile
and quasi-brittle materials. In a cohesive zone model, a narrow-band termed a cohesive zone, or process
zone, exists ahead of the crack front. Material behavior in the cohesive zone follows a nonlinear cohesive
constitutive law which relates the cohesive traction to the relative displacements of the adjacent cohesive
surfaces. Material separation and thus crack growth occurs as the progressive decay of the cohesive tensile
and shear tractions across the cohesive surfaces. Dugdale [12] ﬁrst proposed a cohesive type model to study
ductile fracture in a thin sheet of mild steel. Cohesive zone models have been extended to study fracture
processes in quasi-brittle materials such as concrete (see, e.g., [13,14]), ductile metals (see, e.g., [15,16]), and
metal matrix composites [17]. In a recent work, Jin et al. [18] proposed a new phenomenological cohesive
zone model for two phase FGMs, and used the model to investigate crack growth in compact tension, C(T),
and single-edge notched bend, SE(B), specimens made of a titanium/titanium monoboride (Ti/TiB) FGM
without considering plastic deformation in the background material.
While two-dimensional (2-D) models approximate the behavior of ‘‘very thick’’ (plane strain) or ‘‘very
thin’’ (plane stress) cracked structures, 3-D models describe more realistically the elastic–plastic stress and
deformation states in cracked test specimens and structural components. Moreover, 3-D analyses enable
modeling of crack tunneling phenomenon which becomes signiﬁcant in common laboratory specimens and
in components with surface breaking defects. Here we apply a computational framework of 3-D solid and
interface-cohesive elements to analyze elastic–plastic crack growth in ceramic/metal FGMs using the new
cohesive zone model for FGMs of Ref. [18].
The paper is organized as follows. Section 2 reviews the elastic–plastic model for two-phase composites,
including FGMs, proposed by Tamura et al. [9] (TTO model). We describe an extension of this model to
incorporate more realistic power-law hardening behavior of the metal and metal-rich background material.
Section 3 summarizes a new phenomenological cohesive zone model for FGMs, which was recently presented
by the authors [18]. Section 4 describes the 3-D ﬁnite element formulation with graded solid and interfacecohesive elements tailored for applications to FGMs. Section 5 describes the procedures to calibrate the
cohesive parameters and presents results of a parametric study of elastic–plastic crack growth analyses for an
SE(B) specimen made of a TiB/Ti FGM system. Finally, Section 6 provides some concluding remarks.
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2. Stress–strain curves for ceramic/metal FGMs
While the classical HookeÕs law describes the linear-elastic response of FGMs with the elastic properties
evaluated approximately by micromechanics models for conventional composites, determination of the
elastic–plastic behavior of FGMs remains a challenging task. Previous studies [8,10,11] have adopted the J2
ﬂow theory for ceramic/metal FGMs and evaluated the material properties (yield stress and tangent
modulus) using the volume fraction based model proposed by Tamura et al. [9] (TTO model). The present
study also uses the J2 ﬂow theory with isotropic hardening and extends the TTO model to describe the
elastic–plastic behavior of the background ceramic/metal FGMs.
The TTO model relates the uniaxial stress, r, and strain, e, of a two-phase composite to the corresponding average uniaxial stresses and strains of the two constituent materials by
r ¼ V1 r1 þ V2 r2 ;

e ¼ V1 e1 þ V2 e2 ;

ð1Þ

where ri and ei (i ¼ 1; 2) denote the average stresses and strains of the constituent phases, respectively, and
Vi (i ¼ 1; 2) deﬁne the volume fractions. The TTO model introduces an additional parameter q as follows:
r1  r2
q¼
; 0 < q < 1:
ð2Þ
je1  e2 j
The parameter q represents the ratio of stress to strain transfer. Its value depends on the constituent
material properties and the microstructural interaction in the composite. For example, q ! 1 if the
constituent elements deform identically in the loading direction, while q ¼ 0 if the constituent elements
experience the same stress level. In general, the constituent elements in a composite undergo neither equal
strain nor equal stress due to the complicated microstructure (variations in particle shape, orientation,
volume fraction and so on). A nonzero ﬁnite value of q approximately reﬂects those eﬀects. Note that
ri ¼ Ei ei

ði ¼ 1; 2Þ;

ð3Þ

where Ei (i ¼ 1; 2) are the YoungÕs moduli of the constituent phases. The YoungÕs modulus, E, of the
composite may be obtained from (1)–(3) as follows:



q þ E1
q þ E1
E ¼ V2 E 2
ð4Þ
þ ð1  V2 ÞE1
V2
þ ð1  V2 Þ :
q þ E2
q þ E2
The PoissonÕs ratio, m, of the composite just follows a rule of mixtures in the TTO model
m ¼ V 1 m1 þ V 2 m2 ;

ð5Þ

where mi (i ¼ 1; 2) are the PoissonÕs ratios of the constituent phases.
For applications involving plastic deformation of ceramic/metal (brittle/ductile) composites, the TTO
model assumes that the composite yields once the metal constituent yields. The yield stress of the composite, rY , is thus determined as follows:


q þ E 2 E1
rY ðV2 Þ ¼ r0 V2 þ
ð1  V2 Þ ;
ð6Þ
q þ E 1 E2
where r0 denotes the yield stress of the metal (phase 2). The above equation indicates that the yield stress of
the composite depends on the yield stress of the metal, the volume fraction of the metal, the YoungÕs moduli
of the constituent phases, and the parameter q. For an idealized bilinear model of the metal with a tangent
modulus H2 , the TTO model predicts that the composite also follows a bilinear response with the tangent
modulus H given by



q þ E1
q þ E1
H ¼ V2 H 2
ð7Þ
þ ð1  V2 ÞE1
V2
þ ð1  V2 Þ :
q þ H2
q þ H2
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For many structural metals, the simplistic bilinear model does not capture adequately the variation in
strain hardening rate under increased plastic ﬂow. Here we adopt a more descriptive power-law behavior
for the metal and approximate the stress–strain curve of the composite also using a power law model.
Therefore, the stress–strain curves of the metal and composite beyond the yield points have the form
 n0
r2
e2 ¼ e0
; r2 P r0
ð8Þ
r0
and

e ¼ eY

r
rY

n
;

r P rY ;

ð9Þ

respectively, where e0 ¼ r0 =E2 and eY ¼ rY =E are the yield strains of the metal and composite, respectively,
and n0 and n are the hardening exponents of the metal and composite, respectively. Eliminating r1 , e1 and e2
in Eqs. (1), (2), (3)(i ¼ 1) and (8), we obtain the following parametric equations to determine the stress–
strain (r–e) curve for the composite:
 n
e
V1 E r2 ðq þ V2 E1 ÞE r0 r2 0
¼
þ
;
eY q þ E1 rY
ðq þ E1 ÞE2 rY r0
ð10Þ
 n
r
V2 q þ E1 r2
V1 qE1
r0 r2 0
¼
þ
:
rY
q þ E1 rY ðq þ E1 ÞE2 rY r0
Fig. 1 shows the schematic of the stress–strain curve of the composite described by this extension of the
TTO model. When the metal volume fraction V2 ¼ 1, Eq. (10) reduce to
 n0
e
r2
r
r2
¼
;
¼
;
ð11Þ
eY
rY rY
r0
which is the power-law model for the metal because rY ¼ r0 and eY ¼ e0 when V2 ¼ 1.
Notice that the composite r–e curve determined from the above equations does not follow the power
function (9). A least squares method determines n when we approximate (10) by (9). Fig. 2 shows the
normalized stress (r=r0 ) versus normalized strain (e=e0 ) curves from Eq. (10) as well as the power-law
approximations (9) for a TiB/Ti composite with the material properties of TiB and Ti listed in Table 1 and a

Fig. 1. Schematic of the power-law stress–strain curve of the extended TTO model.
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Fig. 2. Uniaxial stress–strain curve of the extended TTO model and the power-law approximation (q ¼ 4:5 GPa).

Table 1
Material properties of Ti and TiB
Materials

YoungÕs modulus
(GPa)

PoissonÕs
ratio

Yield stress
(MPa)

Hardening
exponent

Critical J -integral (JIC )
(kJ/m2 )

Ti
TiB

107
375

0.34
0.14

450

14

24a
0.11

a

Estimated from the experimental crack initiation load.

q value of 4.5 GPa. The power-law stress–strain curves agree very well with the extended TTO curves from
Eq. (10) when the metal volume fraction (Vmet ) is large. With the decrease of metal volume fraction, the
power-law approximation deviates gradually from the TTO curve. We expect that this deviation from the
TTO curve will not produce signiﬁcant diﬀerences in the crack growth behavior predictions for the TiB/Ti
FGM SE(B) specimen considered in Section 5––the numerical results in Section 5.3.2 show that the load
versus crack extension responses exhibit only small sensitivity to the parameter q that also inﬂuences the
TTO curves as shown in Fig. 3.
Fig. 3 shows the normalized stress versus normalized strain curves for the TiB/Ti composite obtained
using the power-law TTO model with various values of parameter q and the metal volume fraction. Fig. 4
shows the experimental stress–strain curve of Ti [19]. Fig. 3(a) shows that for a ﬁxed value of the metal
volume fraction, Vmet , a larger q leads to a stiﬀer composite (smaller n). Fig. 3(b) shows that for a ﬁxed value
of q, a larger metal volume fraction leads to a more compliant composite (larger n). Note the potentially
strong role of the parameter q in the TTO model. In an average sense, the value of q reﬂects the composition
and the complex microscale interaction of the constituents in an FGM. In practice, q may be approximately
determined by experimental calibration of tensile tests performed on monolithic composite specimens. For
example, a value of q ¼ 4:5 GPa has been used for an Al2 O3 /Ni FGM [10,11] and for a TiB/Ti FGM [8].
This study concentrates on a TiB/Ti FGM and, because suﬃcient experimental data remains unavailable
for the calibration of q, we perform a sensitivity study to quantify the eﬀect of q on the elastic–plastic crack
growth behavior for the speciﬁc TiB/Ti FGM.
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Fig. 3. Uniaxial stress–strain curves of the extended power-law TTO model for a TiB/Ti composite; (a) eﬀect of parameter q; (b) eﬀect
of volume fractions. Exponent (n) computed using least-squares procedure. r0 ¼ yield stress of metal, e0 ¼ yield strain of metal, see also
Table 1.
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Fig. 4. Experimental stress–strain curve of titanium (Ti) [19].
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3. Cohesive zone model for FGMs
While the cohesive zone approach has proven a convenient and eﬀective method to simulate and analyze
crack growth in homogeneous materials, generalization of the cohesive zone concept to model fracture in
FGMs represents a challenging task because of the complicated microstructures and the related failure
mechanisms in FGMs. Jin et al. [18] proposed a volume fraction based, phenomenological cohesive fracture
model suitable for engineering scale applications. Such volume fraction based formulae have been used
previously to calculate YoungÕs modulus and the plastic tangent modulus of FGMs [10,11].
This section thus reviews and discusses the phenomenological cohesive zone model for ceramic/metal
FGMs proposed in Ref. [18]. The description adopts a general 3-D formulation suitable for mixed-mode
fracture although the numerical results in Section 5 illustrate only mode I fracture behavior. Under 3-D
mixed mode fracture conditions, let (dn , ds1 , ds2 ) denote the normal and two tangential components of the
displacement jump across the cohesive surfaces, respectively. The corresponding normal and two shear
cohesive tractions across the surfaces are then (rn , rs1 , rs2 ), respectively. In the present study, we assume
that the resistance of the cohesive surfaces to relative sliding remains isotropic in the cohesive (tangent)
plane. We may thus use the overall tangential displacement jump, ds , and the overall shear traction, rs ,
deﬁned by
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð12Þ
ds ¼ d2s1 þ d2s2 ;
rs ¼

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2s1 þ r2s2 :

ð13Þ

In a 3-D setting, Camacho and Ortiz [20] introduced an eﬀective opening displacement jump, deff , across the
cohesive surfaces and an eﬀective cohesive traction, reff as follows:
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð14Þ
deff ¼ d2n þ g2 d2s ;
reff ¼

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2n þ g2 r2s ;

ð15Þ

where
pﬃﬃﬃ the parameter g assigns diﬀerent weights to the opening and sliding displacements (g is usually taken
as 2).
With the introduction of the above eﬀective traction and displacement, a free energy potential of the
cohesive zone in a ceramic/metal FGM is assumed to exist in the following volume fraction based form [18]:
/ðx; deff ; jÞ ¼

Vmet ðxÞ
1  Vmet ðxÞ
/ ðdeff ; jÞ þ
/ ðdeff ; jÞ;
Vmet ðxÞ þ bmet ½1  Vmet ðxÞ met
1  Vmet ðxÞ þ bcer Vmet ðxÞ cer

ð16Þ

where Vmet ðxÞ denotes the volume fraction of the metal, x ¼ ðx1 ; x2 ; x3 Þ, j is an internal variable describing
the irreversible processes of decohesion, bmet (P 1) and bcer (P 1) are two cohesive gradation parameters,
which, together with the metal volume fraction (Vmet ), describe the transition of the failure mechanism from
pure ceramic to pure metal (operative in the interconnecting region which has no distinct matrix and inclusion phases). Under the loading conditions (described by j), the free energy potentials for the metal and
ceramic phases, /met and /cer , are given by


 

deff
deff
/met ðdeff ; jÞ ¼ ercmet dcmet 1  1 þ c
exp  c
;
ð17Þ
dmet
dmet


 

deff
deff
/cer ðdeff ; jÞ ¼ erccer dccer 1  1 þ c
exp  c
;
dcer
dcer

ð18Þ
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respectively. The cohesive tractions of the metal and ceramic phases follow from the above potentials
[15,16,21–23]

 

o/met
deff
deff
c
rmet ¼
¼ ermet c
exp  c
;
ð19Þ
odeff
dmet
dmet
rcer ¼


 

o/cer
deff
deff
¼ erccer c
exp  c ;
odeff
dcer
dcer

ð20Þ

where e ¼ expð1Þ, rcmet the maximum cohesive traction of the metal phase, dcmet the value of deff at
reff ¼ rcmet , rccer the maximum cohesive traction of the ceramic phase, and dccer the value of deff at reff ¼ rccer .
Here, we have adopted a computationally convenient, exponential form for the free energy potentials for
both metal and ceramic phases. Previous studies [24] have shown that, in general, the shape of the cohesive
traction–separation (r–d) curve has a smaller role than the cohesive energy density and the maximum
cohesive traction on predictions of crack growth behavior in ductile metals. For brittle ceramic materials,
the shape of cohesive traction–separation curve may play a signiﬁcant role in determining the peak loads
[25]. For ceramic/metal FGMs of interest here, ductile failure mechanisms of the metal phase appear to
govern the behavior of cracked components [18]. For simplicity in these exploratory studies, we adopt the
same exponential form to describe the cohesive response of the ceramic phase. However, as the failure
processes in ceramic/metal FGMs become better understood, the FGM cohesive zone model of the type
described below may be revisited accordingly, especially for the ceramic/metal interconnecting region.
The eﬀective cohesive traction follows from the derivative of the potential (16) with respect to the effective opening displacement jump
reff ¼

o/
odeff





Vmet ðxÞ
deff
deff
ercmet c
exp  c
Vmet ðxÞ þ bmet ½1  Vmet ðxÞ
d
dmet
 met


1  Vmet ðxÞ
deff
deff
erccer c
þ
exp  c ;
1  Vmet ðxÞ þ bcer Vmet ðxÞ
dcer
dcer
max
_
and deff P 0;
if deff ¼ d
¼

eff

for the loading case, and
 max 
reff
or d_eff < 0;
deff ; if deff < dmax
reff ¼
eff
dmax
eff

ð21Þ

ð22Þ

max
for the unloading case, where rmax
eff is the value of reff at deff ¼ deff calculated from Eq. (21). Here, the
max
internal variable j is chosen as deff , the maximum value of deff attained. The cohesive law for general 3-D
separations then takes the following form:



o/
o/ odeff
reff
rn ¼
¼
¼
dn ;
odn odeff odn
deff


o/
o/ odeff
reff
¼
¼ g2
rs ¼
ds :
ods odeff ods
deff

ð23Þ

Under mode I fracture conditions, ds ¼ rs ¼ 0. Hence, deff ¼ dn and reff ¼ rn . Fig. 5(a) shows the curve for
rmet =rcmet versus deff =dcmet . For the ceramic phase, the curve of rcer =rcmet versus deff =dcmet is illustrated in Fig.
5(b) for various values of dccer =dcmet .
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Fig. 5. Normalized cohesive traction versus nondimensional separation displacement; (a) for metal, rmet =rcmet versus d=dcmet ; (b) for
ceramic, rcer =rcmet versus d=dcmet (where metal/ceramic strength ratio, rcmet =rccer , is taken to be 3).

The cohesive energy density, or the work of separation per unit area of cohesive surface, is deﬁned by
Z 1
Ccfgm ¼
rðdeff Þ ddeff :
ð24Þ
0

Substituting Eq. (21) into the above equation yields
Ccfgm ðxÞ ¼

Vmet ðxÞ
1  Vmet ðxÞ
Cc þ
Cc ;
Vmet ðxÞ þ bmet ½1  Vmet ðxÞ met 1  Vmet ðxÞ þ bcer Vmet ðxÞ cer

ð25Þ

where Ccmet and Cccer denote the cohesive energy densities of the metal and ceramic phases, respectively:
Ccmet ¼ ercmet dcmet ;

Cccer ¼ erccer dccer :

ð26Þ

Eq. (25) shows that the cohesive energy density for the FGM follows the same rule as that of the eﬀective
cohesive traction (21).
The cohesive zone model (21)–(23) has the following six material dependent parameters that characterize
the fracture process in a ceramic/metal FGM: Ccmet and Cccer (local work of separation of metal and ceramic,
respectively), rcmet and rccer (peak cohesive tractions of metal and ceramic, respectively), and bmet and bcer
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(cohesive gradation parameters). The uncoupled contribution of the metal and ceramic to the total cohesive
traction in the model (21)–(23) enables separate calibration of the cohesive parameters associated with the
metal and ceramic, respectively.
For the metal phase, the calibrated value of Ccmet becomes approximately the Griﬃth energy release rate
at the onset of ductile tearing (JIC ) under small-scale yielding conditions (requires materials with relatively
low toughness). JIC exceeds Ccmet under large-scale yielding conditions due to the contribution from the
background plasticity (which makes calibration more diﬃcult). The peak cohesive traction, rcmet , generally
lies between two to three times the uniaxial yield stress (see, for example, the discussion by Roy and Dodds
[16] and the discussion in Section 5.3). Once Ccmet and rcmet are calibrated, the ﬁrst equation of (26) yields the
opening displacement dcmet at peak traction.
For the ceramic phase, no signiﬁcant background nonlinear response occurs and the energy release rate
corresponds directly to Cccer , which is usually at least two orders of magnitude smaller than Ccmet . For the
TiB/Ti FGM considered in this work, Cccer ¼ 0:11 kJ/m2 and Ccmet ¼ 24 kJ/m2 (see Section 5.3.2). As a result,
selection of dccer or rccer becomes insigniﬁcant in predicting crack growth behavior of ceramic/metal FGMs
(the early stiﬀness is aﬀected, see Section 5.6). For this phenomenological model to apply at engineeringscales, the characteristic opening displacement dccer is assumed to be approximately the average size of
ceramic particles in the ceramic/metal FGM. The peak cohesive traction rccer is therefore determined from
the second equation of (26). At smaller length-scales, the highly local nature of the failure mechanism
contributes to the characteristic parameters of the cohesive zone model, which may lead to diﬀerent material parameters and diﬀerent simulation results of crack growth at the macro-scale.
The other two additional cohesive parameters introduced for FGMs, bmet and bcer , describe approximately the overall reduction of cohesive traction (from the level predicted by the rule of mixtures) and the
transition between the fracture mechanisms of the metal and ceramic phases. For crack growth in a TiB/Ti
FGM without consideration of plastic deformation in the background material, the computational results
[18] indicate that bmet plays a far more signiﬁcant role than bcer , which can be simply set to unity. The
parameter bmet may be experimentally calibrated by two diﬀerent schemes. The ﬁrst scheme determines bmet
by matching the predicted and measured crack growth responses in standard fracture mechanics specimens
of continuously graded FGMs. If this procedure fails to generate a match between the predicted and experimentally measured crack growth responses, a second scheme could employ fracture specimens made of a
monolithic composite each with a ﬁxed volume fraction of the constituents. bmet is then calibrated for each
volume fraction level of metal and ceramic, which comprise the continuously graded FGM specimens. Thus,
bmet becomes a function of Vmet . We describe and discuss the calibration of Ccmet , rcmet and bmet in Section 5.3.

4. Graded solid and interface elements formulation
This section describes the small-displacement formulation of both the 3-D solid element and interfacecohesive element with graded material properties (graded elements). Previous studies [16,26] of crack
growth in thin aluminum panels using 3-D cohesive elements show that a small-displacement scheme yields
a slightly lower calibrated peak cohesive traction than the value obtained in a ﬁnite-deformation framework
due to the thickness reduction eﬀect predicted in the ﬁnite-deformation approach. The present study
considers relatively thick Ti metal and TiB/Ti FGM specimens (the ratios of thickness to depth for the
SE(B) specimens studied are around 0.5). Therefore, the thickness reduction eﬀect may not be signiﬁcant
for these specimens and the following numerical studies adopt small-displacement theory.
For the solid elements which model the bulk (background) FGM, the J2 ﬂow theory with isotropic
hardening describes the material behavior and the TTO model characterizes the material properties
(YoungÕs modulus, PoissonÕs ratio, yield stress and power hardening exponent) within the element. For the
interface-cohesive element, the material behavior and properties follow the functionally graded cohesive
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Fig. 6. Interface-cohesive and 3-D solid elements.

law (21)–(23). Fig. 6 shows the 3-D interface-cohesive and solid elements used in the present work. The
interface-cohesive element consists of two, four-node bilinear isoparametric surfaces. Nodes 1–4 lie on one
surface of the element while nodes 5–8 reside on the opposite surface. The two surfaces initially occupy the
same location (i.e. zero thickness). When the whole body deforms, the two surfaces undergo both normal
and tangential displacements relative to each other, which generate the cohesive tractions according to the
constitutive relations (21)–(23).
4.1. FGM 3-D solid element
Now ﬁrst consider the tangent stiﬀness matrix of the isoparametric solid element. Denote by Ni ðn; g; fÞ
(i ¼ 1; 2; . . . ; m) the standard shape functions of the solid element [27], where m is the number of the nodes
of the element. The element tangent stiﬀness matrix is given by
Z 1 Z 1 Z 1
KT ¼
BT DT BJ0 dn dg df;
ð27Þ
1

1

1

where B is the strain–displacement matrix, J0 is the usual Jacobian of the transformation between parametric ðn; g; fÞ and Cartesian coordinates ðx1 ; x2 ; x3 Þ, and the superscript T denotes transpose. DT is the
elastic–plastic, tangent stiﬀness matrix consistent with an elastic predictor and radial return stress update
scheme. To alleviate mesh locking associated with fully integrated bilinear elements at relatively large
plastic deformation, the B matrix in (27) is replaced with the (B-bar) B matrix [28,29]. For FGMs, the
consistent DT matrix varies with spatial position due to the position-dependent material elastic and ﬂow
properties. Kim and Paulino [30] presented a generalized isoparametric formulation (GIF) to calculate the
elastic properties within an element. This study further evaluates the plastic properties within an element
using this approach. We thus have
m
m
X
X
elastic: E ¼
Ni Ei ; m ¼
Ni mi ;
ð28Þ
i¼1

plastic: rY ¼

m
X
i¼1

i¼1

Ni rYi ; n ¼

m
X
i¼1

Ni ni ;

ð29Þ
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where Ei , mi , rYi and ni (i ¼ 1; 2; . . . ; m) are the values of YoungÕs modulus, PoissonÕs ratio, the yield stress
and the power hardening exponent at the nodal points, respectively. Eqs. (28) and (29) evaluate the FGM
properties within general higher order (quadratic) elements. For the ﬁrst order linear elements (8-node
brick), the computational procedures average the FGM properties in each element from the nodal values
thereby assigning constant properties over each element. This prevents potential shear locking under homogeneous strain states (a procedure similar to that adopted in ABAQUS [31] to treat thermal strains for
ﬁrst order elements). Moreover, Kim and Paulino [32] have also elaborated upon this modeling procedure
for FGMs.
4.2. FGM interface-cohesive element
For the interface-cohesive element, the tangent stiﬀness matrix is given by [16],
Z 1 Z 1
Kcoh ¼
BTcoh Dcoh Bcoh J0 dg df;
1

ð30Þ

1

where Bcoh extracts the relative displacement jumps within the cohesive element from the nodal displacements [16], and J0 is the Jacobian of the transformation between parametric ðg; fÞ and Cartesian coordinates ðs1 ; s2 Þ in the tangent plane of the cohesive element. Dcoh is the tangent modulus matrix of the cohesive
law (21)–(23), details of which can be found in an earlier paper by the authors [18]. The Dcoh matrix depends
on spatial position through the graded volume fraction of the metal phase, Vmet , in a ceramic/metal FGM.
This study approximates Vmet by the following standard interpolation:
Vmet ¼

4
X

i
Ni Vmet
;

ð31Þ

i¼1
i
(i ¼ 1; 2; 3; 4) are the values of Vmet at the nodal points of the interface-cohesive elements. Again,
where Vmet
Eq. (31) applies for general higher order elements. For ﬁrst order linear elements, the volume fraction is
averaged in each element from the nodal values––see related comments at the end of Section 4.1 and also in
Ref. [32].

5. Crack growth in a TiB/Ti FGM
5.1. Specimen geometries, materials, and ﬁnite element models
We performed 3-D numerical analyses of elastic–plastic crack growth for both Ti metal and TiB/Ti
FGM SE(B) specimens containing an initially sharp, straight crack front over the thickness. Fig. 7 shows
the geometry of the SE(B) specimens used in the crack growth study. A layered TiB/Ti FGM SE(B)
specimen has been recently tested as described in [8] and a Ti metal only SE(B) specimen tested as described
in [19]. The company CERCOM Inc. developed the TiB/Ti FGM system in a layered structural form for
potential armor applications [33]. Table 1 lists the material properties for TiB and Ti (data from Refs. [8,19]
except the hardening exponent and the critical J -integral (JIC ) for Ti). A least squares approximation gives a
hardening exponent of 14 for Ti (n0 in Eq. 8). The experimental load versus crack growth responses obtained in [8,19] are used in this study to estimate JIC for Ti, and to calibrate values of the cohesive parameters and the q-parameter for the bulk TiB/Ti FGM.
Table 2 summarizes the geometric parameters of the SE(B) specimens used in both the present and the
experimental studies reported in [8,19]. In the numerical analyses of the specimens, the FGM composition
varies from 100% ceramic at the cracked surface to 100% metal at the uncracked surface. Thus the volume
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Fig. 7. SE(B) specimen geometry.

Table 2
Geometric parameters of SE(B) specimens
Specimen

L (mm)

W (mm)

B (mm)

a0 =W

R (mm)

SE(B) (FGM)
SE(B) (Ti)

79.4
101.6

14.7
25.5

7.4
13.3

0.3
0.5

10.2
6.4

fraction of metal (Vmet ) varies from zero at the cracked surface to one at the uncracked surface. We approximate the volume fraction of the metal phase using a simple power function, i.e.

p
y þ a0
; a0 6 y 6 b0 ;
ð32Þ
Vmet ðyÞ ¼
b0 þ a0
where p is the power exponent, y is the spatial direction of gradation, and the material properties are graded
in the interval ½a0 ; b0 (see Fig. 8).
Fig. 8 shows the longitudinal cross-section of the 3-D ﬁnite element model of the TiB/Ti FGM specimen.
The ﬁnite element mesh for the Ti metal specimen is similar to that shown in this ﬁgure. The ﬁnite element
models consist of 8-node isoparametric solid elements and 8-node interface-cohesive elements. Due to
symmetry considerations, we model only one-quarter of each specimen (x P 0, z P 0). Interface-cohesive
elements are placed only over the initial uncracked ligament and have uniform size of 0.1 mm for both the
Ti metal only and the TiB/Ti FGM specimens. The ﬁnite element model has 10 uniform layers of elements
over the half thickness with 32,769 nodes and 28,350 elements for the Ti metal specimen. The model for the
smaller FGM specimen has 24,475 nodes and 21,100 elements.
5.2. Finite element analysis
The numerical solutions are generated using WARP3D [34], a research code for nonlinear fracture
mechanics. WARP3D employs an incremental-iterative, implicit formulation for analyses of fracture
models subjected to quasi-static and dynamic loading. Besides the conventional solid and interface-cohesive
elements for homogeneous materials, this code also incorporates solid elements with graded elastic and
plastic properties and interface-cohesive elements with graded cohesive traction and cohesive energy
density. While conventional ﬁnite elements with constant material properties in each element have been
used for analyses of FGMs with relatively ﬁne meshes [35], graded elements include the eﬀect of gradation
at the element level and can substantially improve the solution quality based on the same mesh density,
especially for higher-order graded elements [32].
With the cohesive zone model (21)–(23), the average (eﬀective) traction in a cohesive element ahead of
the crack front in the crack growth direction ﬁrst experiences an increase, reaches its peak value, and then

1898

Z.-H. Jin et al. / Engineering Fracture Mechanics 70 (2003) 1885–1912

P, ∆
Thickness, B

y

b0
x
a0
symmetry plane

Fig. 8. Longitudinal cross-section of typical 3-D mesh for analyses of SE(B) specimens (10 layers of elements over the half thickness).

decreases. When the traction reduces to a speciﬁed small value (usually 5–10% of the peak cohesive traction), or equivalently, when the average eﬀective opening displacement in the cohesive element increases to
a relative large value (usually 5–6 times of the eﬀective opening displacement at the peak traction),
WARP3D removes the interface-cohesive element from the model thereby growing the crack with an extension of the deleted cohesive element area. The leading edges of the deleted cohesive elements then form
the current growing crack front across the specimen width. The present ﬁnite element models for SE(B)
specimens have multi-layers of elements in the thickness direction. Cohesive elements in diﬀerent layers
experience diﬀerent tractions and are deleted at diﬀerent load levels thereby forming a curved or tunneled
crack front. Element extinction occurs when the average opening displacement deff of a cohesive element
reaches 5dcmet , which corresponds to a cohesive traction less than 10% of the peak value of the metal
multiplied by the pointwise value of the metal volume fraction. Numerical calculations adjust dcmet so that
the energy dissipated at d ¼ 5dcmet in the element equals the cohesive energy Ccmet . Selection of dcmet (of the
metal phase) as the controlling parameter for element extinction follows from analyses demonstrating that
the metal phase largely controls fracture behavior of the FGM. In the present study, the cohesive fracture
energy of TiB, for example, is less than 1% of that for Ti (see Table 1).
With the nonlinear cohesive zone model shown in Fig. 5, large load increments often speciﬁed in implicit
solution methods may create an ‘‘overshoot’’ problem, i.e. some interface elements may miss the peak
cohesive traction by passing from the pre-peak to post-peak side of the traction–separation curve within a
single load increment. In such cases, the background material may not develop plastic deformation levels
consistent with peak traction values in the cohesive elements. To avoid these eﬀects, WARP3D adaptively
controls the size of the global load (displacement in this study) increments to enforce the proper cohesive
constitutive response. For the FGM cohesive zone model (21)–(23), the adaptive load control parameter
becomes the smaller of the characteristic opening displacements dcmet (metal) and dccer (ceramic). The analyses use a limit of Dd=dcmet (or Dd=dccer ) ¼ 0.3 per load increment for adaptive load control, where Dd denotes
the largest change of eﬀective opening displacement deff experienced by interface-cohesive elements in a
given load increment. A previous study by Roy and Dodds [16] indicates that analyses using values of
Dd=dcmet 6 0:3 show no diﬀerences in load versus crack extension responses for actual Al 2024-T3 C(T) and
M(T) specimens.
5.3. Determination of model parameters
5.3.1. Elastic–plastic FGM properties
As outlined in Section 2, the TTO model describes both the elastic and elastic–plastic responses of the
background material with the graded linear-elastic properties: YoungÕs modulus E, PoissonÕs ratio m, and
the graded plastic ﬂow properties: yield stress rY and power-law hardening exponent n. The quantities E, m,
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rY and n can be evaluated from (4)–(6) and (10), respectively, with a material-dependent parameter q to be
determined. As remarked at the end of Section 2, q should be calibrated to match the measured ﬂow
properties of tensile specimens taken from monolithic composites of the FGM constituents. Because such
data remains unavailable for the TiB/Ti FGM, we adopt q ¼ 4:5 GPa as in previous studies [8,10,11] and
perform a parametric study to assess the eﬀect of q on the calibration of cohesive gradation parameters and
on the overall elastic–plastic, crack growth behavior for the TiB/Ti FGM. Results in the following subsection indicate that the load versus crack extension responses and the calibrated bmet for the FGM are not
overly sensitive to q for the range of values considered. This somehow justiﬁes the use of q ¼ 4:5 GPa until
deﬁnite experimental data becomes available.

5.3.2. Cohesive fracture properties
As mentioned in Section 3, the cohesive zone model (21)–(23) describes the graded fracture properties of
the cohesive material with six model parameters to be calibrated, i.e. Ccmet and Cccer (local work of separation
of metal and ceramic, respectively), rcmet and rccer (peak cohesive tractions of metal and ceramic, respectively), and bmet and bcer (cohesive gradation parameters). The formulation for the cohesive zone model
(21)–(23) enables separate calibration of cohesive parameters associated with the metal and ceramic phases
(strength and fracture energy), and the two cohesive gradation parameters. For the ceramic phase, as
discussed in Section 3, we assign the Griﬃth energy release rate to Cccer and the average size of ceramic
particles in the ceramic/metal FGM to the critical opening displacement dccer in the study of crack growth
behavior. The peak cohesive traction rccer of the ceramic is then determined from the second equation of
(26). These parameters are [18]: Cccer ¼ 0:11 kJ/m2 , dccer ¼ 0:01 mm, rccer ¼ 4 MPa. Section 5.6 discusses the
eﬀect of rccer on the initial specimen response and crack growth behavior.
Next, we use the experimental results for the Ti metal SE(B) specimen (W ¼ 25:5 mm, a0 =W ¼ 0:5) to
calibrate Ccmet and rcmet . The calibration proceeds by matching the numerically predicted crack growth response with the experimentally measured fracture behavior for the SE(B) specimen reported in [19]. The
specimen is loaded by monotonically increasing displacements applied uniformly through the thickness at
the specimen center-plane (displacement controlled loading), as shown in Fig. 7. Due to tunneling, crack
extensions are nonuniform across the specimen thickness. The calibration process seeks to match the
predicted, with measured, load versus average crack extension (across the thickness) responses.
A previous study [16] on crack growth in thin aluminum panels shows that under small scale yielding
(SSY) conditions, the crack initiation load remains relatively insensitive to the peak cohesive traction,
which allows calibration of the cohesive energy density by matching the predicted and measured crack
initiation load. The peak cohesive traction is subsequently calibrated by best matching the predicted and
measured responses over the ﬁrst few millimeters of crack growth.
The above procedure provides some guidelines for the current calibration of cohesive parameters for the
Ti metal. We ﬁrst analyze a stationary crack model of the SE(B) specimen with no cohesive elements. Fig. 9
shows the longitudinal cross-section of the ﬁnite element model with 10 uniform layers of elements over the
half thickness of the specimen. The model has 14,498 nodes and 12,210 elements with a reﬁned mesh near
the crack front. Fig. 10(a) shows the calculated load versus crack mouth opening displacement (CMOD)
curve. The loads corresponding to the three points, ÔaÕ, ÔbÕ and ÔcÕ on the curve are P ¼ 6:7, 9.1 and 11.5 kN
(kiloNewton), respectively, and the point ÔcÕ corresponds to the experimentally measured crack initiation
load reported in [19]. Fig. 10(b) shows the calculated J -integral (averaged over the thickness) versus CMOD
curve, where the J value corresponding to the crack initiation load is about 24 kJ/m2 (point ÔcÕ). The J value
is computed using a domain integral method available in WARP3D [34]. Fig. 11(a)–(c) show the plastic
zone development at the crack front (outside surface element layer) corresponding to the three load levels
ÔaÕ, ÔbÕ and ÔcÕ in Fig. 10. At the crack initiation state ÔcÕ, the plastic zone size satisﬁes the condition of SSY
for the 12.75 mm remaining ligament. The nondimensional deformation parameter, M ¼ b0 r0 =J , equals
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Fig. 9. Longitudinal cross-section of the 3-D mesh for analyses of the Ti SE(B) specimen (stationary crack without cohesive elements,
10 layers of elements over the half thickness).
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Fig. 10. (a) Computed load versus CMOD curve for the Ti SE(B) specimen with W ¼ 25:5 mm (stationary crack without cohesive
elements). (b) Computed J -integral versus CMOD curve for the Ti SE(B) specimen with W ¼ 25:5 mm (stationary crack without
cohesive elements).
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Fig. 11. Plastic zone development in the Ti SE(B) specimen with W ¼ 25:5 mm (stationary crack without cohesive elements) corresponding to the three load levels a, b, c in Fig. 10; (a) P ¼ 6:7 kN; (b) P ¼ 9:1 kN; (c) P ¼ 11:5 kN (nondimensional deformation
parameter M ¼ b0 r0 =J ).

240 and lies well above the value of 150 often used as the limit of SSY [36]. We thus set Ccmet as the J value at
the crack initiation state ÔcÕ (24 kJ/m2 ).
After determining Ccmet , we proceed to calibrate the peak cohesive traction rcmet . The calibration procedure seeks to best match the predicted and the measured overall load versus average crack extension
responses by varying rcmet . Fig. 12 shows both the predicted and the measured load versus average crack
extension responses for the Ti SE(B) specimen with W ¼ 25:5 mm, Ccmet ¼ 24 kJ/m2 , and three values of
rcmet . Clearly, rcmet ¼ 2:5r0 coupled with the given value of Ccmet yields a reasonable match between the
predicted and the measured responses, where r0 is the uniaxial yield stress of Ti. The calibrated value of rcmet
(2:5r0 ) lies well below the limit of 3:3r0 , the maximum tensile stress that develops ahead of a stationary
blunting crack tip for this Ti under plane-strain, SSY and ﬁnite deformation conditions [37]. Fig. 12 also
shows the calculated load versus CMOD curve for rcmet ¼ 2:5r0 . The load ﬁrst increases with increasing
CMOD, reaches a peak value at which crack growth occurs, and then decreases with further increasing
CMOD.
Finally, we calibrate the two cohesive gradation parameters bmet and bcer needed to analyze crack growth
in the SE(B) specimen made of the TiB/Ti FGM. For crack growth in a TiB/Ti FGM without considering
plastic deformation in the background material, our previous study [18] indicates that bmet plays a far more
signiﬁcant role than bcer . We therefore simply set bcer to unity. As explained in Section 5.3.1, we ﬁrst use
q ¼ 4:5 GPa as previous studies [8,10,11] for the purpose of calibrating bmet and then consider the eﬀect of q
on the calibrated bmet . With the known values of rcmet , Ccmet , rccer , Cccer , and bcer ﬁxed, we can proceed to
calibrate bmet by matching the predicted, with the measured, crack initiation loads for the TiB/Ti SE(B)
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Fig. 12. Calibration of rcmet using the load versus average crack extension responses for the Ti SE(B) specimen with W ¼ 25:5 mm.

specimen with W ¼ 14:7 mm. In this layered TiB/Ti SE(B) specimen tested recently [8], the ﬁrst layer
consists of 15% Ti and 85% TiB, while the last layer (seventh layer) consists of 100% Ti. Fig. 13 shows the
TiB/Ti FGM plate manufactured by CERCOM Inc. [33] and the SE(B) specimen cut for the fracture test
[8]. Table 3 shows the volume fraction and the thickness of each layer in the specimen. Fig. 14 shows the
variation of volume fraction of Ti in this TiB/Ti specimen. The dashed (stepped) line shows the property

P
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14.73
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Layer 1

1.27
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10.22
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Note: All dimensions are in millimeters.

Fig. 13. Seven-layer TiB/Ti FGM: (a) plate provided by CERCOM Inc. [33]; (b) fracture specimen (7.37 mm thick) cut from the plate
for three-point bending test [8].
Table 3
Volume fraction and thickness distribution in the layered TiB/Ti SE(B) specimen [8]
Layer #

Thickness (mm)

TiB volume fraction (%)

Ti volume fraction (%)

1
2
3
4
5
6
7

2.515
1.676
1.778
1.448
1.753
2.134
3.429

85
79
62
47
32
15
0

15
21
38
53
68
85
100
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Fig. 14. Volume fractions of Ti in the TiB/Ti SE(B) specimen (dashed line from the data reported in Ref. [8]).

gradation in the experimentally tested specimen. A least squares approximation yields the power exponent
p ¼ 0:84 in the metal volume fraction function of Eq. (32) used in the numerical analysis.
Fig. 15 shows the calculated load versus average crack extension responses for this SE(B) specimen. Fig.
15(a) shows results for q ¼ 4:5 GPa with bmet ranging from 17 to 20. bmet ¼ 18:5 yields a crack initiation
load of 0.931 kN, which approximately matches the measured one of 0.925 kN [38,39]. In Fig. 15(b), q ¼ 15
GPa and bmet ranges from 17 to 20. Now bmet ¼ 18:5 yields a crack initiation load of 0.932 kN, which also
matches approximately the measured value. In Fig. 15(c), q increases to 30 GPa and bmet ranges from 17
to 20. Again, bmet ¼ 18:5 yields a crack initiation load of 0.933 kN, which also approximately matches the
measured value. These results indicate that the load versus crack extension responses and the calibrated
value of bmet exhibit only small sensitivity to q over the range of values considered. In summary, the determined cohesive parameters for the TiB/Ti FGM are Ccmet ¼ 24 kJ/m2 , rcmet ¼ 2:5r0 (1125 MPa),
dcmet ¼ 0:008 mm, Cccer ¼ 0:11 kJ/m2 , rccer ¼ 4 MPa, dccer ¼ 0:01 mm, bmet ¼ 18:5 and bcer ¼ 1.
5.4. Crack tunneling in Ti SE(B) specimen
Although the initial crack front is straight in analyses of the Ti SE(B) specimen, the extended crack front
exhibits a strong tunneling eﬀect, i.e. the crack extends deeper in the interior part than at the outside surface
of the specimen. Suﬃcient plastic deformation exists at the crack initiation load to develop strong gradients
of opening displacement along the initial crack front with a maximum value at the center-plane. Fig. 16
shows the opening displacement along the initial straight crack front of the SE(B) specimen at the crack
initiation load. The displacement reaches 0.045 mm at the mid-plane and decreases to 0.012 mm at the
outside surface. The opening displacement near the outside surfaces will reach 5dcmet (element extinction and
crack growth condition) only after the crack grows ahead in the interior part thereby decreasing the remaining ligament area.
Fig. 17 shows the tunneling development predicted in the Ti SE(B) specimen at diﬀerent load levels. The
crack initiates ﬁrst over the middle portion of the specimen (Fig. 17(a)). After extending Dai ¼ 2:5 mm (19%
of the specimen thickness) at the interior mid-plane, the crack starts to grow at the outside surface (Fig.
17(b)). Fig. 17(c) shows the crack front proﬁle at a relatively advanced stage. The crack extensions at the
outside surface and the mid-plane are Das ¼ 0:4 mm and Dai ¼ 4:4 mm, respectively. The study of Roy and
Dodds [16] using a 3-D cohesive zone model for crack growth in thin (2.3 mm) aluminum sheets shows that
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Fig. 15. Calibration of bmet using the crack initiation load for the TiB/Ti SE(B) specimen with W ¼ 14:7 mm; (a) q ¼ 4:5 GPa;
(b) q ¼ 15 GPa; (c) q ¼ 30 GPa; (d) specimen.

Fig. 16. Opening displacement proﬁle along the crack front of the Ti SE(B) specimen at the crack initiation load (element extinction
occurring at an element-averaged d ¼ 5dcmet ¼ 0:042 mm).
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Fig. 17. Crack tunneling in the Ti SE(B) specimen with W ¼ 25:5 mm; (a) crack initiation at the mid-plane; (b) crack initiation at the
outside surface; (c) an advanced stage of crack growth with extensions of 0.4 and 4.4 mm at the outside surface and mid-plane, respectively.

the crack front attains a steady proﬁle once crack extension at the surface reaches 1 the plate thickness.
For the SE(B) specimen studied here, the crack growth likely does not reach a steady state because the
initial ligament size (b0 ¼ 12:75 mm) nearly equals the specimen thickness (B ¼ 13:3 mm).
Fig. 18 compares the predicted crack front proﬁle with the experimentally observed one [39] (which was
obtained by post-test fatigue cycling using a load ratio of R ¼ 0:5). The experimental crack front with the
crack extensions of about 3.1 and 8.1 mm at the surface and the mid-plane, respectively, can be approximately captured by the analyses with the predicted crack extensions of 3.1 and 7.7 mm, respectively.
5.5. Crack growth in TiB/Ti FGM SE(B) specimens
We now study crack growth in the TiB/Ti FGM SE(B) specimen to investigate the eﬀect of a range of
values for the metal volume fraction exponent p (in Eq. (32)) on the crack growth behavior with the calibrated cohesive parameters. The q parameter in the TTO model is taken as 4.5 GPa in all calculations––the
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Fig. 18. Crack front in the Ti SE(B) specimen with W ¼ 25:5 mm: experiment [39] (right edge of the shaded area with approximate
extensions of 3.1 and 8.1 mm at the outside surface and the mid-plane, respectively), and simulation (heavy solid line with extensions of
3.1 and 7.7 mm at the outside surface and the mid-plane, respectively).

load versus crack extension responses exhibit only small sensitivity to q (see results and discussion in
Section 5.3.2).
Fig. 19 shows the load versus crack extension curves for various values of p with the model parameters
determined in Sections 5.3.1 and 5.3.2. The layered TiB/Ti specimen tested in [8] is modeled by a continuously graded TiB/Ti with p ¼ 0:84. The solid lines describe the crack growth behavior at the mid-plane
and the dashed lines at the outside surface. Almost no diﬀerences between the crack extensions at the
surface and mid-plane are observed, i.e. no crack tunneling develops for crack growth in this FGM
specimen. For a given p, the load decreases steadily with crack extension. This is the behavior also exhibited
for the pure Ti specimen. The load at ﬁxed crack extension decreases with increasing p. A larger p cor-
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Fig. 19. Load versus crack extension responses for the TiB/Ti SE(B) specimen with a0 =W ¼ 0:3, B ¼ 7:4 mm, q ¼ 4:5 GPa, bmet ¼ 18:5.
Essentially no tunneling develops in this specimen.
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Fig. 20. Load versus crack extension responses for both the Ti and TiB SE(B) specimens with a0 =W ¼ 0:3 and B ¼ 7:4 mm. These two
conﬁgurations provide bounding solutions for the TiB/Ti FGM responses.

responds to a lower metal volume fraction, which leads to a lower cohesive traction and energy for the
FGM.
Fig. 20 shows the load versus crack extension curves for SE(B) specimens geometrically identical to those
in Fig. 19 but now made of Ti only and TiB only, respectively. These two additional conﬁgurations provide
bounding solutions for the TiB/Ti FGM responses. At speciﬁed crack extensions, the load for the Ti
specimen remains much larger than those for the TiB/Ti FGM specimens with various values of p. For
example, the crack initiation load is 6.86 kN for the Ti specimen, and 1.38, 0.81 and 0.43 kN for the FGM
specimen when p takes values of 0.5, 1.0 and 2.0, respectively. The loads during crack extension for the pure
TiB, however, remain at least one order of magnitude smaller than those for the FGM specimen (see insert
in Fig. 20).
For the Ti specimen, Fig. 20 shows strong crack tunneling––the crack growth initiates at the outside
surface only after it has already extended about 2.1 mm at the mid-plane (28% of the specimen thickness
and the load reduced to 6.1 kN). This behavior is in sharp contrast to that for the FGM specimen which
shows essentially no crack tunneling. Crack tunneling results from strong gradients of stress parallel to the
crack front that develop with extensive plastic deformation in ductile materials. In comparison, the present
TiB/Ti FGM is relatively brittle. The critical J -integral, JIC , for the TiB/Ti composite is only 0.28 and 1.59
kJ/m2 when the volume fraction of the Ti is 68% and 85%, respectively [39], while the J at the crack initiation is 24 kJ/m2 for the pure Ti (100% Ti).
Though this speciﬁc FGM SE(B) specimen shows little crack tunneling, other FGM systems or the TiB/
Ti systems obtained under diﬀerent fabrication conditions may exhibit pronounced tunneling phenomenon
if signiﬁcant plastic deformation develops. For example, Fig. 21 shows the load versus crack extension
responses for the TiB/Ti FGM specimen with p ¼ 0:3 (metal-rich) and relatively smaller bmet values (this
may be achieved by carefully controlling the microstructure of the material during the fabrication process).
Fig. 21 shows that signiﬁcant crack tunneling develops for bmet ¼ 2 and crack tunneling becomes less
pronounced with increasing values of bmet .
5.6. Eﬀect of peak cohesive traction for ceramic phase
In the above study of crack extension in the TiB/Ti SE(B) specimen, we have proposed that selection of
the peak cohesive traction for the ceramic phase, rccer , does not play a signiﬁcant role in crack growth
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Fig. 21. Load versus crack extension responses for the TiB/Ti SE(B) specimen with a0 =W ¼ 0:3, B ¼ 7:4 mm (q ¼ 4:5 GPa, p ¼ 0:3).

behavior of ceramic/metal FGMs at an engineering-scale (millimeters of growth). The cohesive energy
density of the ceramic, Cccer , is usually at least two orders of magnitude smaller than that of the metal, Ccmet .
rccer , however, may aﬀect the initial stiﬀness of the FGM cohesive zone model (21)–(23). Fig. 22 shows the
calculated load versus CMOD curves for two values of rccer (4 and 60 MPa), as well as the response for a
stationary crack model without cohesive elements. For the stationary crack model, the load increases with
the increasing CMOD almost linearly in the range of loads considered indicating little plastic deformation
in the background material before crack initiation. In contrast, the model with rccer ¼ 4 MPa has a nonlinear load versus CMOD response even at very low load levels. The load ﬁrst increases with increasing
CMOD, reaches a peak value of about 1 kN, and then decreases with further increasing CMOD. The crack
initiation corresponding to deff ¼ 5dcmet , however, does not occur at the peak load. The crack starts to grow
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Fig. 22. Computed load versus CMOD curves for the TiB/Ti SE(B) specimen with W ¼ 14:7 mm: eﬀect of peak cohesive traction of
ceramic phase, rccer .
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Fig. 23. Load versus crack extension responses for the TiB/Ti SE(B) specimen with a0 =W ¼ 0:3, B ¼ 7:4 mm: eﬀect of peak cohesive
traction of ceramic phase, rccer .

after the load passes the peak value. This behavior diﬀers from the Ti metal shown in Fig. 12 and develops
from the relative brittleness of the TiB/Ti FGM discussed in Section 5.5. For brittle materials which exhibit
softening cohesive behavior, size eﬀects play a strong role in determining the peak and crack initiation
loads. The crack initiation load is usually lower than the peak load level and crack growth initiates after the
load passes the peak value [25].
The initial slope of the load versus CMOD curve for the cohesive model with rccer ¼ 4 MPa is smaller
than the slope for the stationary crack model. Thus, the stiﬀness of the cohesive zone with rccer ¼ 4 MPa
does not compare with the slope of the undamaged material at the initial loading stage. For an increased value of rccer to 60 MPa (other cohesive parameters for the ceramic remain the same), the load
versus CMOD response initially follows the stationary crack response and then closely follows the response for the model with rccer ¼ 4 MPa. Fig. 23 shows the load versus average crack extension curves
for rccer ¼ 4 and 60 MPa. For a given crack extension, the load for rccer ¼ 4 MPa is just slightly higher
than that for rccer ¼ 60 MPa. These results suggest that the peak cohesive traction of the ceramic does
aﬀect the initial stiﬀness of the cohesive material but does not signiﬁcantly inﬂuence the extended crack
growth response. The initially intact FGM ahead of the crack undergoes early damage in the ceramic
phase but the metal phase eventually controls the complete separation of the FGM and the crack
growth behavior.

6. Concluding remarks
This study employs a new phenomenological cohesive zone model [18] and extends the TTO model [9]
within a 3-D computational framework that includes graded solid and interface-cohesive elements to investigate elastic–plastic crack growth in Ti metal and TiB/Ti FGM SE(B) specimens. The cohesive zone
model involving six material-dependent parameters (the cohesive energy densities and the peak cohesive
tractions of the ceramic and metal phases, respectively, and two cohesive gradation parameters) describes
the constitutive behavior of the cohesive material and the TTO model characterizes the elastic–plastic
response of the bulk background material. The ﬁnite element analyses of crack growth in the SE(B)
specimens show that:
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(1) calibration of the cohesive zone model using the experimental load versus crack extension responses for
a Ti SE(B) specimen yields a cohesive energy density of Ccmet ¼ 24 kJ/m2 and a peak cohesive traction of
rcmet ¼ 2:5r0 (1125 MPa) for the Ti metal;
(2) calibration of the cohesive zone model using the experimental crack initiation load for a TiB/Ti SE(B)
specimen yields a cohesive gradation parameter of bmet ¼ 18:5 for the TiB/Ti FGM;
(3) the load versus crack extension responses and the calibrated bmet for the TiB/Ti FGM exhibit only small
sensitivity to the parameter q in the TTO model when q is in the range of 4.5–30 GPa;
(4) the load decreases steadily with the crack extension for both Ti metal and TiB/Ti FGM SE(B) specimens having a thickness to depth ratio (B=W ) of around 0.5;
(5) the peak cohesive traction of the ceramic phase inﬂuences the initial stiﬀness of the cohesive zone but
only slightly aﬀects the load versus crack extension responses for the TiB/Ti FGM;
(6) the 3-D models predict strong crack tunneling in the Ti metal SE(B) specimen.
The numerical analyses capture the experimentally observed tunneled crack front proﬁle in the Ti
specimen with reasonable accuracy. For the TiB/Ti FGM SE(B) specimen, signiﬁcant crack tunneling
develops for bmet ¼ 2 and crack tunneling becomes less pronounced with increasing values of bmet . In
particular, no crack tunneling is observed for the FGM specimen with the calibrated bmet value (18.5).
Crack tunneling accompanies strong through-thickness stress gradients that develop under extensive plastic
deformation––the present TiB/Ti FGM with the calibrated bmet value (18.5) is relatively brittle.
The work described here represents exploratory developments in the modeling of ductile fracture
processes in ceramic/metal FGMs at engineering scales. The scarcity of experimental data for these new
materials does not yet support some recommendations for speciﬁc details adopted in the phenomenological models of the type proposed here. Issues including the eﬀects of cohesive curve shapes for the
ceramic and metal constituents, the eﬀects of crack-front triaxiality on the cohesive parameters and the
functional forms for the bmet and bcer type parameters remain unresolved. Applications of the present
cohesive zone model to study ductile failure of ceramic/metal FGMs require further experimental veriﬁcation and validation.
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