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1

This work studies mode I crack growth in ceramic/metal functionally graded materials
(FGMs) using three-dimensional interface-cohesive elements based upon a new phenomenological cohesive fracture model. The local separation energies and peak tractions for
the metal and ceramic constituents govern the cohesive fracture process. The model
formulation introduces two cohesive gradation parameters to control the transition of
fracture behavior between the constituents. Numerical values of volume fractions for the
constituents specified at nodes of the finite element model set the spatial gradation of
material properties with standard isoparametric interpolations inside interface elements
and background solid elements to define pointwise material property values. The paper
describes applications of the cohesive fracture model and computational scheme to analyze crack growth in compact tension, C(T), and single-edge notch bend, SE(B), specimens with material properties characteristic of a TiB/Ti FGM. Young’s modulus and
Poisson’s ratio of the background solid material are determined using a self-consistent
method (the background material remains linear elastic). The numerical studies demonstrate that the load to cause crack extension in the FGM compares to that for the metal
and that crack growth response varies strongly with values of the cohesive gradation
parameter for the metal. These results suggest the potential to calibrate the value of this
parameter by matching the predicted and measured crack growth response in standard
fracture mechanics specimens. 关DOI: 10.1115/1.1467092兴

Introduction

Functionally graded materials 共FGMs兲 provide promising candidates for advanced technological applications 共关1–3兴兲. An FGM
comprises a multiphase material with volume fractions of the constituent materials varying in a pre-determined profile, thus giving
a nonuniform microstructure in the material with continuously
graded properties. In applications involving severe thermal gradients 共e.g., thermal protection structures兲, FGM systems exploit the
heat, oxidation, and corrosion resistance typical of ceramics, and
the strength and toughness typical of metals.
Cohesive fracture models have been widely used to simulate
and analyze crack growth in ductile and quasi-brittle materials. In
a cohesive fracture model, a narrow band termed a cohesive zone,
or process zone, exists ahead of the crack front. Material behavior
in the cohesive zone follows a cohesive constitutive law which
relates the cohesive traction to the relative displacements of the
adjacent surfaces. Crack growth occurs by progressive decohesion
of the cohesive surfaces. Dugdale 关4兴 first proposed a cohesivetype model to study ductile fracture in a thin sheet of mild steel.
The Dugdale model assumes that a cracked metal sheet deforms
elastically outside of the extended surfaces of the crack where a
narrow band 共plastic zone兲 of idealized zero width deforms at the
constant yield stress of the material. Cohesive fracture models
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have been extended to study fracture processes in quasi-brittle
materials such as concrete 共see, e.g., 关5,6兴兲, ductile metals 共see,
e.g., 关7,8兴兲, and metal matrix composites 共关9兴兲.
Though cohesive fracture models have been successfully employed to simulate failure processes in homogeneous materials
and conventional composites, few studies have extended the concept to FGMs. The difficulty lies in the coexistence of different
failure mechanisms in an FGM as explained in the next section.
Studies of crack growth through the whole FGM component require a new phenomenological model to simulate the fracture process. Jin and Batra 关10兴 studied crack growth in the ceramic-rich
region in a ceramic/metal FGM by using both a rule of mixtures
and a crack bridging model 共essentially a cohesive-type model兲.
Cai and Bao 关11兴 investigated crack growth in a ceramic/metal
graded coating by using a similar, but simpler crack bridging
model. Simple applications of the rule of mixtures to an FGM
significantly overestimate the fracture toughness compared to estimates from crack bridging models 共关10兴兲. Thus, it appears inappropriate to employ directly the conventional rule of mixtures to
formulate the cohesive parameters of FGMs. The modifications
described here provide a more realistic approach to formulate a
cohesive model suitable for FGMs.
This work studies crack growth in ceramic/metal FGMs using
three-dimensional interface-cohesive elements. While we are not
considering the ductile deformation in the graded background material, the current study focuses on presentation of the cohesive
zone model and does incorporate the ductile separation of the
graded cohesive material in the analysis of crack growth. Investigations of crack growth in ceramic/metal FGMs considering plasticity in the background material are in progress. The paper is
organized as follows. Section 2 proposes a new phenomenological, cohesive fracture model developed specifically for ceramic/
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metal FGMs. In addition to the cohesive energy densities and the
peak cohesive tractions of the metal and ceramic phases, two
other parameters are introduced to account for the overall damage
and other micromechanical effects in FGMs. Section 3 describes
the three-dimensional finite element formulation with graded solid
and interface-cohesive elements for applications to FGMs. Section
4 discusses the method of determining the material parameters of
FGMs. Section 5 presents results of a parametric study of crack
growth analyses for a titanium/titanium monoboride 共Ti/TiB兲
FGM. Compact tension, C共T兲, and single-edge notched bend,
SE共B兲, specimens are considered in the numerical simulations.
Section 6 provides some conclusions and outlines ongoing work
to extend the present study. The Appendix summarizes details of
the tangent modulus matrix for the cohesive constitutive relation
applicable to FGMs.

2

A Novel Cohesive Fracture Model

Generalization of the cohesive zone concept to model fracture
in functionally graded materials 共FGMs兲 represents a challenging
task in view of the different failure mechanisms present in an
FGM. In a typical ceramic/metal FGM, the ceramic-rich region
may be regarded as a metal particle reinforced ceramic matrix
composite, whereas the metal-rich region may be treated as a
ceramic particle-reinforced metal matrix composite. Though models for the failure mechanisms of conventional composites may be
adopted to study the fracture processes in the ceramic-rich or
metal-rich region, the failure mechanisms operative in the interconnecting region which has no distinct matrix and inclusion
phases remain unknown. This section thus proposes a volume
fraction-based phenomenological cohesive fracture model suitable
for engineering scale applications. The formulation first considers
tensile mode 共mode I兲 fracture of FGMs, and is then extended to
general three-dimensional fracture including both tensile and
shear deformations. Such volume fraction-based formulas have
been used previously to calculate Young’s modulus and the plastic
tangent modulus of FGMs 共关12,13兴兲.
2.1 Mode I Fracture. Let  f gm denote the normal traction
across the surfaces of the cohesive zone necessary to model the
propagation of a macroscale crack. We propose that the cohesive
traction  of a two-phase FGM 共e.g., ceramic/metal FGM兲 can be
approximated by the following volume fraction-based formula
having a simple functional form

 fgm共 x兲 ⫽

V met共 x兲

V met共 x兲 ⫹ ␤ met关 1⫺V met共 x兲兴 met
⫹

1⫺V met共 x兲
 ,
1⫺V met共 x兲 ⫹ ␤ cerV met共 x兲 cer

(1)

where  met is the cohesive traction of the metal,  cer the cohesive
traction of the ceramic, V met(x) denotes the volume fraction of the
metal, x⫽(x 1 ,x 2 ,x 3 ), and ␤ met(⭓1) and ␤ cer(⭓1) are two cohesive gradation parameters. The motivation to choose 共1兲 is that the
cohesive traction of the FGM will reduce to that of the metal
when V met⫽1, and to that of the ceramic when V met⫽0, and the
two parameters ␤ met and ␤ cer , together with the metal volume
fraction (V met), could describe the transition of the failure mechanism from pure ceramic to pure metal 共operative in the interconnecting region which has no distinct matrix and inclusion phases兲.
The FGM cohesive fracture model, Eq. 共1兲, increases the number of material-dependent parameters by two ( ␤ met , ␤ cer). Values
for the local separation energies and peak cohesive tractions related to the pure ductile and brittle phases are obtained using
standard procedures for homogeneous materials 共see 关8兴, for example兲. The material-dependent parameters ␤ met and ␤ cer describe
approximately the overall effect of cohesive traction reduction
共from the level predicted by the rule of mixtures兲 and the transition between the fracture mechanisms of the metal and ceramic
phases. Our preliminary computations of crack growth in a TiB/Ti
Journal of Applied Mechanics

FGM indicate that ␤ met plays a far more significant role than ␤ cer ,
which can be simply set to unity. We anticipate that the parameter
␤ met may be experimentally calibrated by two different procedures. The first procedure determines ␤ met by matching the predicted and measured crack growth responses in standard fracture
mechanics specimens of FGMs. Instead of using FGM specimens,
the second procedure employs fracture specimens made of a
monolithic composite each with a fixed volume fraction of the
constitutents. This opens the potential to calibrate ␤ met for each
volume fraction level of metal and ceramic, which comprise the
FGM specimens, i.e., ␤ met can become a function of V met in the
present model. The second calibration procedure may be particularly useful if a constant ␤ met fails to generate a match between
the predicted and experimentally measured crack growth responses. Experimental determination of the ␤ met parameter is
presently under investigation for zirconia/stainless steel FGMs.
For the metal phase, the cohesive traction may be derived from
a free-energy density function,  met( ␦ ,q), in the form 共关8,14 –16兴兲

 met⫽

  met
,
␦

(2)

where ␦ is the normal displacement jump across the cohesive
surfaces and q is an internal variable describing the irreversible
processes of decohesion. Because in general, the shape of the
cohesive traction-separation curve 共⫺␦兲 is not as significant as
the cohesive energy density and the maximum cohesive traction in
simulating fracture in ductile metals 共关17兴兲, the free-energy potential,  met( ␦ ,q), may be chosen in a computationally convenient
exponential form 共关8,14 –16兴兲

冋 冉

c
c
 met⫽e  met
␦ met
1⫺ 1⫹

␦
c
␦ met

冊 冉 冊册
exp ⫺

␦

c
␦ met

.

(3)

Under loading conditions governed by q, the cohesive traction of
the metal with the above energy potential is given by
c
 met⫽e  met

冉 冊 冉 冊

␦
␦
exp ⫺ c ,
c
␦ met
␦ met

(4)

c
c
where e⫽exp(1),  met
the maximum cohesive traction, and ␦ met
c
the value of ␦ at  met⫽  met . Figure 1共a兲 shows a typical curve for
c
c
 met /  met
versus ␦ / ␦ met
.
For quasi-brittle materials such as concrete and ceramics, the
shape of the cohesive traction-separation curve may play a significant role in determining the peak load 共关18兴兲. In the present study
of ceramic/metal FGMs, however, the failure mechanism of metal
phase plays a dominant role. Thus, for simplicity, this study
adopts the same exponential form as Eq. 共4兲 to describe the cohesive response of the ceramic material

c
 cer⫽e  cer

冉 冊 冉 冊

␦
␦
exp ⫺ c ,
c
␦ cer
␦ cer

(5)

c
where  cer
is the maximum cohesive traction of the ceramic occ
curring at ␦ ⫽ ␦ cer
. The free-energy potential corresponding to Eq.
共5兲 is

冋 冉

c
c
 cer⫽e  cer
␦ cer
1⫺ 1⫹

冊 冉 冊册

␦
␦
exp ⫺ c
.
c
␦ cer
␦ cer

(6)

c
c
versus ␦ / ␦ met
for variFigure 1共b兲 shows typical curves  cer /  met
c
c
ous values of ␦ cer/ ␦ met .
By substituting Eqs. 共4兲 and 共5兲 into Eq. 共1兲, we obtain the
cohesive traction of the FGM under loading conditions as
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where ␦˙ denotes the rate of ␦. The unloading condition is then
described by

␦ ⬍ ␦ max or ␦˙ ⬍0.

(10)

Following the cohesive law for homogeneous materials, the unloading curve follows the linear relation

 f gm ⫽

冉 冊
 max

␦ max

␦,

if ␦ ⬍ ␦ max or ␦˙ ⬍0,

(11)

where  max is the value of  f gm at ␦ ⫽ ␦ max calculated from Eq.
共7兲. We note that the irreversibility of the above cohesive law does
not influence the results reported in Section 5 since we have only
studied crack growth under monotonic loading conditions.
2.2 Three-Dimensional Mixed Mode Fracture. For general three-dimensional mixed mode fracture problems, an effective opening displacement jump is introduced 共关19兴兲

␦ eff⫽ 冑␦ 2n ⫹  2 ␦ s2 ,

(12)

where ␦ n and ␦ s are the normal and tangential displacement jumps
across the cohesive surfaces. The parameter  assigns different
weights to the opening and sliding displacements 共 is usually
taken as &兲. Similarly, an effective cohesive traction may be
introduced 共关19兴兲

 eff⫽ 冑 2n ⫹  ⫺2  s2 ,

(13)

where  n and  s are the normal and shear tractions across the
cohesive surfaces. Here we assume that resistance of the cohesive
surfaces to relative sliding is isotropic in the cohesive 共tangent兲
plane so that
Fig. 1 Normalized cohesive traction versus nondimensional
c
separation displacement; „a… for metal,  met Õ  met
versus
c
c
c
␦ Õ ␦ met
; „b… for ceramic,  cer Õ  met
versus ␦ Õ ␦ met
„where metalÕ
c
c
ceramic strength ratio,  met
Õ  cer
, is taken to be 3…

 fgm共 x兲 ⫽

冉 冊 冉 冊
冉 冊 冉 冊

V met共 x兲
␦
␦
c
e  met
exp ⫺ c
c
V met共 x兲 ⫹ ␤ met关 1⫺V met共 x兲兴
␦ met
␦ met
⫹

␦
␦
1⫺V met共 x兲
ec
exp ⫺ c .
c
1⫺V met共 x兲 ⫹ ␤ cerV met共 x兲 cer ␦ cer
␦ cer

max
 fgm共 x, ␦ eff , ␦ eff
兲⫽

⫹

␦
c
␦ met

V met共 x兲
V met共 x兲 ⫹ ␤ met关 1⫺V met共 x兲兴

⫹

␦

c
c
⫻e  cer
␦ cer
1⫺ 1⫹

c
␦ met

冋 冉

冊 冉 冊册

␦
␦
exp ⫺ c
.
c
␦ cer
␦ cer

max
␦ eff

(8)

where
is the maximum value of ␦ eff attained. The cohesive
law for general three-dimensional deformations is then formulated
as follows:

 n⫽

As often assumed for homogeneous materials, the cohesive law
of the FGM also follows an irreversible path. The internal variable
describing the irreversible processes, q, is chosen as ␦ max , the
maximum opening displacement attained. For updating of the cohesive stresses, the loading condition is defined by

␦ ⫽ ␦ max
372 Õ Vol. 69, MAY 2002

and

␦˙ ⭓0,

冊 冉 冊册

␦ eff
␦ eff
exp ⫺ c
,
c
␦ cer
␦ cer
(16)

1⫺V met共 x兲
1⫺V met共 x兲 ⫹ ␤ cerV met共 x兲

c
c
⫻e  cer
␦ cer
1⫺ 1⫹

冊 冉 冊册

␦ eff
␦ eff
exp ⫺ c
c
␦ met
␦ met

1⫺V met共 x兲
1⫺V met共 x兲 ⫹ ␤ cerV met共 x兲

冋 冉

冊 冉 冊册
exp ⫺

(15)

冋 冉

V met共 x兲
V met共 x兲 ⫹ ␤ met关 1⫺V met共 x兲兴

冋 冉

2
2
 s ⫽ 冑 s1
⫹  s2
,

c
c
⫻e  met
␦ met
1⫺ 1⫹

The free-energy density function corresponding to the above cohesive traction is

c
c
⫻e  met
␦ met
1⫺ 1⫹

(14)

where ␦ s1 and ␦ s2 are the two relative sliding displacements
across the cohesive surfaces, and  s1 and  s2 are the two shear
tractions.
With the introduction of the above effective traction and displacement, a free-energy potential in three dimensions is assumed
to exist in the same form as that for the mode I case 共8兲, i.e.,

(7)

 fgm共 x, ␦ ,q 兲 ⫽

2
2
␦ s ⫽ 冑␦ s1
⫹ ␦ s2
,

(9)

冉 冊
冉 冊

  fgm   fgm  ␦ eff
 eff
⫽
⫽
␦ ,
␦n
 ␦ eff  ␦ n
␦ eff n

(17)

  fgm   fgm  ␦ eff
 eff
 s⫽
⫽
⫽2
␦ ,
␦s
 ␦ eff  ␦ s
␦ eff s
where
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 eff⫽

冉 冊

c
c
and ⌫ cer
are the cohesive energy densities of the metal
where ⌫ met
and ceramic phases, respectively,

V met共 x兲
  fgm
␦
⫽
ec
c
 ␦ eff V met共 x兲 ⫹ ␤ met关 1⫺V met共 x兲兴 met ␦ met

冉 冊
冉 冊 冉 冊

⫻exp ⫺
c
⫻e  cer

␦

c
␦ met

c
c
c
⌫ met
⫽e  met
␦ met
,

1⫺V met共 x兲
⫹
1⫺V met共 x兲 ⫹ ␤ cerV met共 x兲

␦
␦
exp ⫺ c ,
c
␦ cer
␦ cer

max
if ␦ eff⫽ ␦ eff

and

␦˙ eff⭓0,

(18)

for the loading case, and

 eff⫽

冉 冊
max
 eff
max
␦ eff

max
if ␦ eff⬍ ␦ eff
or ␦˙ eff⬍0,

␦ eff ,

(19)

max
for the unloading case, where  eff
is the value of  eff at ␦ eff
max
⫽␦eff
calculated from Eq. 共18兲.

2.3 Cohesive Energy Density. The cohesive energy density, or the work of separation per unit area of cohesive surface, is
defined by
c
⌫ fgm
⫽

冕

⬁

 共 ␦ eff兲 d ␦ eff .

(20)

0

By substituting Eq. 共18兲 into the above equation, we obtain
c
⌫ fgm
共 x兲 ⫽

V met共 x兲
⌫c
V met共 x兲 ⫹ ␤ met关 1⫺V met共 x兲兴 met
⫹

1⫺V met共 x兲
⌫c ,
1⫺V met共 x兲 ⫹ ␤ cerV met共 x兲 cer

(21)

c
c
c
⌫ cer
⫽e  cer
␦ cer
.

(22)

Equation 共21兲 shows that the cohesive energy density follows the
same rule as that of the cohesive traction. Figure 2 shows the
c
c
normalized cohesive energy density ⌫ fgm
/⌫ met
versus the nondimensional coordinate X/b for a ceramic/metal FGM with metal
volume fraction V met⫽(X/b) n , where X is the gradation direction
and b is a geometrical parameter, e.g., the thickness of the FGM
c
c
specimen. In these figures, the energy ratio, ⌫ cer
/⌫ met
is assumed
0.05 with ␤ cer taken as 1.0. The cohesive energy of the FGM
decreases markedly with increasing ␤ met .

3 Three-Dimensional Finite Element Modeling of
Functionally Graded Materials
This section describes the small-displacement formulation of
both the three-dimensional solid element and the interfacecohesive element with graded material properties. In the present
study, the solid elements remain linearly elastic but the material
properties 共Young’s modulus and Poisson’s ratio兲 may vary within
the element and thus graded elements are employed 共Kim and
Paulino 关20兴兲. For the cohesive element, the material properties
follow the functionally graded cohesive law described in Section
2. Figure 3 illustrates the three-dimensional interface-cohesive
and solid elements used in the present work. The interfacecohesive element consists of two four-node bilinear isoparametric
surfaces. Nodes 1– 4 lie on one surface of the element while nodes
5– 8 lie on the opposite surface. The two surfaces initially occupy
the same location. When the whole body deforms, the two surfaces undergo both normal and tangential displacements relative
to each other. The cohesive tractions corresponding to the relative
displacements follow the constitutive relations 共17兲–共19兲, and
thus maintain the two surfaces in a ‘‘cohesive’’ state.
Now first consider the stiffness matrix of the isoparametric
solid element. Denote by N i (  ,  ,  )(i⫽1,2, . . . ,m) the standard
shape functions of the solid element 共关21兴兲, where m is the number
of the nodes of the element. The element stiffness matrix is given
by
K⫽

冕冕冕
1

1

1

⫺1

⫺1

⫺1

BT DBJ 0 d  d  d  ,

(23)

where B is the strain-displacement matrix, J 0 is the usual Jacobian
of the transformation between parametric 共,,兲 and Cartesian
coordinates (x 1 ,x 2 ,x 3 ), and D is the elastic stiffness matrix. For
functionally graded materials 共FGMs兲, the D matrix depends on

c
c
Fig. 2 Normalized cohesive energy density ⌫ fgm
Õ⌫ met
c
c
„⌫ cer
Õ⌫ met
Ä0.05, V met„ X …Ä„ X Õ b … n …, „a… n Ä0.5; „b… n Ä1.0
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spatial position. To calculate the Young’s modulus and the Poisson’s ratio in the solid element, we use the following interpolation:
m

E⫽

兺 NE ,
i

i⫽1

i

m

⫽

兺 N ,
i⫽1

i i

(24)

where E i and  i (i⫽1,2, . . . ,m) are the values of the Young’s
modulus and the Poisson’s ratio at nodal points, respectively.
Turning to the cohesive element, the tangent stiffness matrix is
given by 共关8兴兲,
KT ⫽

冕冕
1

1

⫺1

⫺1

BTcohDcohBcohJ 0 d  d  ,

(25)

where Bcoh extracts the relative displacement jumps within the
cohesive element from the nodal displacements 共关8兴兲, J 0 is
the Jacobian of the transformation between parametric 共,兲 and
Cartesian coordinates (s 1 ,s 2 ) in the tangent plane of the cohesive
element, and Dcoh is the tangent modulus matrix of the cohesive
law 共17兲–共19兲 which can be found in the Appendix. For FGMs,
Eq. 共18兲 and Eqs. 共34兲 and 共35兲 in the Appendix show that the
Dcoh matrix depends on spatial position through the graded
volume fraction of the metal phase, V met , in a ceramic/metal
FGM. In this study, V met is also approximated by the standard
interpolation

Fig. 4 Volume fraction of metallic phase in a ceramicÕmetal
functionally graded material „FGM…

K fgm⫽⫺
⫹

4

3 fgm
共 K met⫹4  fgm/3兲共 K cer⫹4  fgm/3兲
.
V met共 K cer⫹4  fgm/3兲 ⫹ 共 1⫺V met兲共 K met⫹4  fgm/3兲

(28)
The Young’s modulus E fgm and the Poisson’s ratio  fgm of the
FGM are then determined from the following relations:
9  fgmK fgm
,
 fgm⫹3K fgm

(29)

3K fgm⫺2  fgm
.
2 共  fgm⫹3K fgm兲

(30)

4

V met⫽

兺 NV
i⫽1

i

i
met ,

i
where V met
(i⫽1,2,3,4) are the values of V met at the nodal points
of the interface-cohesive elements. The present formulation is
fully isoparametric in which the same shape functions interpolate
the displacements, the geometry and the material parameters.
Such a generalized isoparametric formulation has been presented
by Kim and Paulino 关20兴.

4

Functionally Graded Material Properties

This section describes the techniques adopted to obtain the
properties for both the background functionally graded materials
共FGM兲 and cohesive FGM materials. One of the advantages of the
present methodology is that each model is developed separately
for each material, as described below. This feature introduces significant flexibility in modeling the actual material behavior.
4.1 Background Material Properties. Consider an FGM
as a two-phase composite with graded volume fractions of its
constituent phases. The effective properties of an FGM should be
calculated from those of the constituent materials and the volume
fractions by means of a micromechanical model. Though such a
model is not available as yet for FGMs, some models for conventional homogeneous composite materials, for example, the selfconsistent scheme, may be used for FGMs with reasonable accuracy 共关22兴兲. In this study, we use the self-consistent scheme 共关23兴兲
to calculate the effective elastic properties of the FGM. The shear
and bulk moduli  fgm and K fgm of the FGM are thus calculated by
the following system of equations:
共  fgm⫺  met兲共  fgm⫺  cer兲

冋

V metK met
共 1⫺V met兲 K cer
⫹
⫹2
K met⫹4  fgm/3 K cer⫹4  fgm/3

册

⫹5 关 V met cer共  fgm⫺  met兲 ⫹ 共 1⫺V met兲  met共  fgm⫺  cer兲兴
⫽0,
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E fgm⫽

(26)

 fgm⫽

In the present study, the volume fraction of the metal phase
follows a simple power function, i.e.,
V met共 X 兲 ⫽

冉

冊

X⫺X min n
,
X max⫺X min

(31)

where n is the power exponent, X is the gradation direction, and
the material properties are graded in the interval 关 X min ,Xmax兴. Figure 4 shows the volume fraction of the metal phase for various
values of n.
The following numerical analysis of crack growth utilizes the
properties of a TiB/Ti FGM system. Table 1 lists the relevant
material properties of TiB 共titanium monoboride兲 and Ti 共commercially pure titanium兲. The company CERCOM Inc. developed this
ceramic/metal FGM system in a layered structural form for armor
applications 共关24兴兲.
4.2 Cohesive Material Properties. The functionally graded
cohesive constitutive model 共7兲 or 共18兲 共three-dimensional case兲
has the following six independent parameters that characterize the
fracture process in a ceramic/metal FGM:
c
⌫ met
: local work of separation of metal
c
⌫ cer
: local work of separation of ceramic
c
 met
: peak cohesive traction of metal
c
 cer : peak cohesive traction of ceramic
Table 1 Material Properties of Ti and TiB
Young’s
c
c
c
c
 met
␦ met
 cer
␦ cer
modulus Poisson’s
Jc
ratio
Materials 共GPa兲
共KJ/m2兲 共MPa兲 共mm兲 共MPa兲 共mm兲
Ti
TiB

107
375

0.34
0.14

150
0.11

620

0.089
4.0

0.01

(27)
Transactions of the ASME

Downloaded 24 Sep 2009 to 192.17.146.85. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm

Fig. 7 SE„B… specimen geometry

Fig. 5 C„T… specimen geometry

␤ met and ␤ cer : cohesive gradation parameters.
c
c
and  met
are the Griffith energy
The calibrated values of ⌫ met
release rate 共under small-scale yielding conditions兲 and the peak
cohesive stress of the metal phase, which generally lies between
two to three times the uniaxial yield stress. The first equation of
c
共22兲 yields the characteristic opening displacement ␦ met
. We note
that ductile deformations are present in the background material
when the cohesive characteristic parameters of the metal are calibrated following the above procedure, however, such deformations are not considered in the present study. Nevertheless, this
calibration procedure is used with emphasis on the presentation of
the cohesive model and the effects of gradation parameter ␤ met
and metal volume fraction V met on the load versus crack growth
responses. For the ceramic phase, it is natural to assign the energy
c
. For this phenomenological model applicable
release rate to ⌫ cer
c
at engineering scales, the characteristic opening displacement ␦ cer
is assumed to be approximately the average grain size of ceramic
particles in the ceramic/metal FGM. The peak cohesive traction
c
 cer
is therefore determined from the second equation of 共22兲. At
smaller length scales, the local nature of the failure mechanism
contributes to the characteristic parameters of the cohesive zone
model, which may lead to different material parameters and different simulation results of crack growth. Calibration of the other
two parameters ␤ met and ␤ cer follows by matching the predicted,
with measured, fracture behavior. Table 1 lists the relevant cohesive properties for the TiB/Ti FGM, where the critical J values
(J c , as the cohesive energy兲 for TiB and Ti are taken from references 关25,26兴.

5 Crack Growth in TiBÕTi Functionally Graded
Materials
5.1 Finite Element Models. We performed numerical
analyses of crack growth for both C共T兲 and SE共B兲 specimens, as
illustrated in Figs. 5– 6 and Figs. 7– 8, respectively. Table 2 summarizes the geometric parameters of the C共T兲 specimen. The absolute size for the specimen is W⫽50 mm. The initial nondimensional crack length is a 0 /W⫽0.4, the initial nondimensional

Fig. 8 Typical mesh for analyses of SE„B… specimen

ligament size is then b 0 /W⫽0.6, and the thickness is 4.5 mm.
Table 3 provides the geometric parameters for the SE共B兲 specimens. A layered functionally graded material 共FGM兲 version of
the SE共B兲 specimen has been recently tested in 关25兴. From a modeling point of view, the functionally graded material 共FGM兲 composition varies from 100 percent TiB at the cracked surface to 100
percent Ti at the uncracked surface. Thus the volume fraction of
Ti varies from zero at the cracked surface to one at the uncracked
surface.
The finite element models consist of eight-node isoparametric
solid elements and the eight-node interface-cohesive elements.
Due to symmetry considerations, we model only one-quarter of
each specimen. Interface-cohesive elements are placed only over
the initial uncracked ligament and have a uniform size of 0.25 mm
for the C共T兲 specimen, and 0.1 mm for the SE共B兲 specimens. The
finite element model has eight uniform layers of elements over the
half thickness for the C共T兲 specimen. For the thicker SE共B兲 specimens, the model has ten uniform layers over the half thickness.
Figure 6 shows the front view of the typical finite element mesh
for the C共T兲 specimen and Fig. 8 shows the front view of the finite
element mesh for the SE共B兲 specimens.
5.2 Finite Element Analysis. The FGM modeling features
described in this work have been implemented in the fracture
mechanics research code WARP3D 共关27兴兲. In addition to the conventional solid and interface-cohesive elements for homogeneous
materials, this code also incorporates the solid element with

Table 2 Geometric parameters of C„T… specimen
Specimen
C共T兲

W (mm)

B (mm)

a 0 /W

50

4.5

0.4

Table 3 Geometric parameters of SE„B… specimens
Specimen
SE共B兲

L (mm)

W (mm)

B (mm)

a 0 /W

R (mm)

79.4

14.7

7.4

0.1, 0.3

10.2

Fig. 6 Typical mesh for analyses of C„T… specimen
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graded elastic properties and the interface-cohesive element
coupled with the functionally graded cohesive constitutive model
described in Sections 2 and 3.
WARP3D supports the conventional interface-cohesive element
for crack growth with adaptive load control, element extinction
and other features. Such computational procedures 共previously
used for homogeneous materials兲 also prove essential in analyses
of FGMs to track accurately the cohesive constitutive response.
For the cohesive fracture model proposed in Section 2, the adaptive load control parameter becomes the characteristic opening
c
of the metal. The analysis uses a limit of
displacement ␦ met
c
⌬ ␦ / ␦ met⫽0.2 per load step for adaptive load control, where ⌬␦ is
the largest change of effective opening displacement ␦ experienced by interface-cohesive elements in a given load step. The
element extinction occurs when the average opening displacement
c
␦ of the element reaches 5 ␦ met
, which corresponds to a cohesive
traction less than 10 percent of the peak value of the metal mulc
tiplied by the metal volume fraction. Selection of ␦ met
共of the
metal phase兲 as the controlling parameter for adaptive load control
and element extinction follows from the analyses demonstrating
that the metal phase largely controls fracture behavior of the
FGM. The cohesive fracture energy of TiB, for example, is less
than 0.1 percent of that for Ti.
5.3 Crack Growth in C„T… Specimen. The specimen is
loaded by opening displacements applied uniformly through the
thickness at the loading pin. Crack growth is taken to occur when
the interface-cohesive elements ahead of the crack front satisfy
the element extinction condition. Figure 9共a兲 shows the load versus crack extension curves for the C共T兲 specimen for various values of ␤ met . The power exponent n⫽0.5 共shape index of the
metal volume fraction兲 defines an overall metal rich specimen.
Because the cohesive traction of the ceramic phase is extremely
small compared with that of the metal phase for the TiB/Ti FGM
studied, the parameter ␤ cer plays a negligible role in determining
the cohesive traction of the FGM. Consequently, we take ␤ cer
⫽1.0 in the current and all subsequent calculations. Figure 9共a兲
shows that for a given ␤ met , the load decreases steadily with crack
extension in the present analyses which do not include plasticity
in the background material. This contrasts with ductile fracture of
metals which show load increases with crack extension during
initial growth followed by load reductions when strain hardening
no longer accommodates the decreasing ligament 共see 关8兴 for examples兲. The figure also shows that for a given crack extension, a
larger ␤ met lowers the load. This is consistent with the cohesive
fracture model 共7兲 where a larger ␤ met reduces the peak cohesive
traction. Figure 9共b兲 and 9共c兲 show similar results for the same
specimen for n⫽1.0 共a specimen with equal overall metal and
ceramic volume fractions兲 and n⫽2.0 共an overall metal lean
specimen兲, respectively. Comparing the results in the three figures, we observe that the load becomes lower for larger n. The
result is expected since a larger n corresponds to a lower metal
volume fraction, which results in a lower cohesive energy for the
FGM.
Figure 10 shows the load versus crack extension curves for the
same C共T兲 specimen studied in Fig. 9共a兲 with addition of the
crack growth responses for homogeneous metal 共Ti兲 and ceramic
共TiB兲 specimens. These two additional configurations provide
bounding solutions for the FGM responses. The load for pure Ti
remains larger than those for the TiB/Ti FGM with various ␤ met .
The loads during crack extension for the pure TiB, however, remain vanishingly small compared to the FGM.
5.4 Crack Growth in SE„B… Specimen. As a final numerical example, we consider an SE共B兲 specimen loaded by opening
displacements applied uniformly through the thickness at the
specimen center plane. A layered FGM version of the specimen
has been recently tested 共关25兴兲. The first layer of the tested specimen consists of 15 percent Ti and 85 percent TiB, while the last
layer 共seventh layer兲 consists of 100 percent Ti. Crack initiation
376 Õ Vol. 69, MAY 2002

Fig. 9 Load-crack extension response for the C„T… TiÕTiB
specimen with a 0 Õ W Ä0.4, B Ä4.5 mm; „a… n Ä0.5; „b… n Ä1.0;
„c… n Ä2.0

occurred at a measured load of 920 Newtons 共N兲. The experimental results show that load increases with crack extension during
the initial growth and then decreases with further crack extension.
The measured load corresponding to a crack growth of 5 mm is
about 1200 N. Figure 11 shows the volume fraction of Ti in this
TiB/Ti specimen. The dotted 共stepped兲 line shows the property
gradation in the experimentally tested specimen. A least-squares
approximation yields the power exponent n⫽0.84 in the metal
volume fraction function of Eq. 共31兲. Figure 12 shows the numerical results of the load versus crack extension responses for the
SE共B兲 specimen with ␤ met⫽16 and n⫽0.84. For the ␤ met selected, the crack initiation load agrees quite closely with the experimentally measured value. Compared with the experimental
observations after the crack initiation 共关25兴兲, the discrepancy in
the trend of load versus crack extension response arises because
the present analysis does not consider plasticity in the background
Transactions of the ASME
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Fig. 10 Load-crack extension response for the C„T… TiÕTiB
specimen with a 0 Õ W Ä0.4, B Ä4.5 mm

Fig. 11 Volume fraction of Ti in the TiBÕTi functional graded
material „FGM…

material. When the plasticity effect is taken into account 共work
underway by the authors兲, we expect that the trend of the load
versus crack extension will be more consistent with the experimental observations 共the calibrated value of ␤ met may be larger
than 16兲. Figure 12 also shows the numerical results of the load
versus crack extension for plane-strain and plane-stress models.
Though we have not found differences between the twodimensional and three-dimensional responses, we expect that sig-

Fig. 13 Load-crack extension response for the SE„B… TiÕTiB
specimen with a 0 Õ W Ä0.3, B Ä7.4 mm; „a… n Ä0.5; „b… n Ä1.0;
„c… n Ä2.0

Fig. 12 Load-crack extension response for the SE„B… TiÕTiB
specimen with a 0 Õ W Ä0.3, B Ä7.4 mm, n Ä0.84

Journal of Applied Mechanics

nificant differences will develop with plasticity in the background
material due to variations in crack front constraint and crack front
tunneling.
Figure 13 shows the effect of ␤ met and n on the load versus
crack extension responses for the SE共B兲 specimen. The power
exponent n 共shape index of the metal volume fraction兲 is 0.5 in
Fig. 13共a兲, 1.0 in Fig. 13共b兲, and 2.0 in Fig. 13共c兲. Similar load
versus crack extension behavior to that for the C共T兲 specimen is
observed for the SE共B兲 specimen, i.e., for a given ␤ met , the load
decreases steadily with crack extension; for a given crack extension, a larger ␤ met reduces the load; and finally, the load becomes
lower for larger n. Because ␤ met has a pronounced effect on the
load versus crack extension responses, we may expect to calibrate
the values of ␤ met from experimental observations 共see Section 2兲.
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Appendix
In finite element analyses, the tangent modulus matrix D i j (i, j
⫽1,2,3) for the cohesive models 共18兲 defined below is needed

˙ i ⫽D i j v̇ j ,

(32)

where (  1 ,  2 ,  3 )⫽(  s1 ,  s2 ,  n ), ( v 1 , v 2 , v 3 )⫽( v s1 , v s2 , v n ),
and D i j ⫽  i /  v j . Here D i j are the components of Dcoh matrix in
Eq. 共25兲. The detailed expression for D i j is given as follows. First
note that
Di j⫽

冉

冊

   fgm  ␦ eff
 2 ␦ eff  eff  ␦ eff  ␦ eff
⫽  eff
⫹
.
 v j  ␦ eff  v i
 v i  v j  ␦ eff  v i  v j
(33)

It is clear from the above equation that D i j ⫽D ji . Use of Eqs 共12兲,
共14兲, and 共33兲 yields
Fig. 14 Load-crack extension response for the SE„B… TiÕTiB
specimen with a 0 Õ W Ä0.1, B Ä7.4 mm; and n Ä0.5

D 11⫽  2
D 22⫽  2

Figure 14 shows the load versus crack extension curves for the
SE共B兲 specimen with an initial nondimensional crack length
a 0 /W⫽0.1. Similar results to that shown in Fig. 13共a兲 can be
observed. Therefore, without considering plasticity in the background material, the load decreases with crack extension due to
the decreasing ligament for the laboratory crack size.

6

D 33⫽
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冉
冉

冊
冊

⫹

 4 v 21  eff  eff
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,
2
 ␦ eff ␦ eff
␦ eff

⫹

 4 v 22  eff  eff
⫺
,
2
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␦ eff
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冊
冊
冊

v 1 v 2  eff  eff
D 12⫽D 21⫽  4 2
⫺
,
␦ eff  ␦ eff ␦ eff

Concluding Remarks

This study presents a novel phenomenological cohesive fracture
model for ceramic/metal functionally graded materials 共FGMs兲
and the corresponding implementation in a three-dimensional finite element method framework. The model has six independent
material parameters, i.e., the cohesive energy densities
c
c
(⌫ met
,⌫ cer
), the peak cohesive tractions of the metal and ceramic
c
c
phases (  met
,  cer
) and two cohesive gradation parameters
( ␤ met , ␤ cer) to represent approximately the transition between the
fracture mechanisms of metal and ceramic phases, respectively. In
contrast to existing models that consider only tensile mode fracture, the present model accommodates three-dimensional tensile
and shear fracture modes although the numerical examples illustrate only mode I fracture behavior. Applications of the cohesive
fracture model to the analysis of crack growth in both C共T兲 and
SE共B兲 specimens of TiB/Ti FGM show that the load to cause
crack extension in the FGM compares to that for a pure metal 共Ti兲
specimen. In the present study, the load decreases steadily with
subsequent crack extension, which contrasts with ductile fracture
behavior of metals 共the present analyses do not admit plasticity in
the background material兲. The results obtained indicate that the
cohesive gradation parameter for the metal has a pronounced effect on the load versus crack extension response. This suggests
that the parameter may be reasonably calibrated by matching the
predicted crack growth response with experimental observations.
An extension of this work includes consideration of plasticity in
the bulk FGM 共background兲. In this case, we expect to detect
strong three-dimensional effects of crack front tunneling and
variations in crack front constraint. This investigation is currently
being pursued by the authors.

 eff

D 13⫽D 31⫽  2

v 1 v 3  eff  eff
⫺
,
2
 ␦ eff ␦ eff
␦ eff

D 23⫽D 32⫽  2

v 2 v 3  eff  eff
⫺
,
2
 ␦ eff ␦ eff
␦ eff

where  eff is given by Eq. 共18兲 and  eff /␦eff is

冉 冊冉

c
 met
V met共 x兲
 eff
⫽
e c
 ␦ eff V met共 x兲 ⫹ ␤ met关 1⫺V met共 x兲兴 ␦ met

冉 冊
冉 冊冉 冊 冉 冊

⫻exp ⫺
⫻e

c
 cer
c
␦ cer

1⫺

␦ eff
c
␦ met

冊

␦ eff
1⫺V met共 x兲
⫹
c
1⫺V met共 x兲 ⫹ ␤ cerV met共 x兲
␦ met
1⫺

␦ eff
␦ eff
exp ⫺ c ,
c
␦ cer
␦ cer

(35)

under loading conditions, and

 eff⫽

冉 冊
max
 eff
max
␦ eff

␦ eff ,

max
 eff  eff
⫽ max
 ␦ eff ␦ eff

(36)

(37)

for the unloading case.
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