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Abstract. An Object-Oriented Programming (OOP) framework is presented for solving nonlinear structural mechanics
problems by means of the Finite Element Method (FEM).
Emphasis is placed on engineering applications
(geometrically nonlinear beam model, and elastoplastic
Cosserat continuum), and OOP is employed as an effective
tool, which plays an important role in the FEM treatment
of such applications. The implementation is based on computational abstractions of both mathematical and physical concepts associated to structural mechanics problems involving
geometrical and material nonlinearities. The overall class
organization for nonlinear mechanics modeling is discussed
in detail. All the analyses rely on a generic control class
where several classical and modern nonlinear solution
schemes are available. Examples which explore, demonstrate
and validate the main features of the overall computational
system are presented and discussed.
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1. Introduction
Object-Oriented Programming (OOP) is a relatively
new philosophy of programming which aims at
increasing the overall quality of computational systems. Computer codes that are written based on
such a philosophy are easier to maintain and to
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expand, reducing probability of errors due to programming. Moreover, by means of OOP concepts,
new implementations can take place with no need
to restructure the pre-existing code, and thus code
reuse is maximized to a large extent. To achieve
this level of development, however, a thorough
understanding of the whole methodology employed
and an extensive effort in program organization
are required. Such efforts are demonstrated in the
development of this work.
Compared to classical programming, OOP
requires a more intrinsic integration between theory
and numerical implementation. This integration is
explored here in engineering applications involving
geometrically nonlinear analysis of frames discretized with beam elements, and materially nonlinear
problems considering the elastoplastic Cosserat continuum. The main reason for choosing these two
applications is because both models present the same
Degrees Of Freedom (DOF), although in different
settings (discrete versus continuum, respectively).
Moreover, according to Roux [1], the equations of
two-dimensional (2D) network of beam elements are
a straightforward discretization of the equations of
a 2D Cosserat elastic medium.
The goal for the remainder of this paper consists
of developing a comprehensive presentation, and the
next sections are organized as follows. First, a brief
literature review is provided, and some background
on OOP is given where the basic terminology is
established. Next, a ‘unified approach’ is discussed
for solution of nonlinear systems which arise in the
FEM — the nonlinear solution process is
accomplished by means of a control class where
several solution schemes are available. Afterwards,
geometrically (beam elements considering shear
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effects) and materially (elastoplastic Cosserat
continuum) nonlinear problems are discussed within
an OOP framework. Subsequently, conclusions are
inferred and directions for future research are discussed.

2. Brief Literature Review
Preliminary ideas about OOP date back to the 1960s,
with the development of the Simula language [2].
As pointed out by Fenves [3], this language introduced the idea of a class which can create instances
that respond to procedures in a similar manner.
Based upon the ideas presented in the Simula language, research was conducted at the Xerox Palo Alto
Research Center resulting in the first substantial
interactive, display-based implementation, called the
Smalltalk-80 language [4], which provides a very
uniform application of the OOP paradigm [3,5].
After the establishment of the Smalltalk language,
several other languages became available, for
example, Flavors [6] (with the idea of multiple
inheritance), Objective C [7] and C⫹⫹ [8] (which
are extensions of the C language for objects).
The OOP technique has been widely used in
various applications, such as simulation programs,
graphical user interfaces, and artificial intelligence
(AI), just to mention a few of them. However,
according to Zimmermann et al. [9], the application
of OOP to the Finite Element Method (FEM) only
appeared at the end of the last decade, with the
work by Rehak and Baugh [10] and Forde et al.
[11]. Zimmermann and co-authors [9,12–16] have
published several interesting articles describing in
detail the fundamental aspects relating application
of OOP techniques to implementation of the FEM.
For instance, Menétrey and Zimmermann [17] have
applied the concepts of OOP to the FEM for nonlinear static analysis, specifically to J2 plasticity problems. A detailed object-oriented implementation has
been presented, which includes the description of the
main classes and methods for solving the nonlinear
problem. Mackie [18] has described the benefits that
can be attained by applying OOP to Finite Element
Analysis (FEA). The concepts of OOP are presented
directly in terms of the FEM. Alves Filho and
Devloo [19] have discussed the basic aspects of the
OOP philosophy, and its implementation in scientific
computations, using the FEM as an example of
such implementation. Another example of an objectoriented finite element model has been presented by
Raphael and Krishnamoorthy [20]. They have also
discussed the general concepts of OOP, together

E.N. Lages et al.

with a detailed description of the main classes in a
finite element model. Bettig and Han [21] have
presented an object-oriented framework for interactive numerical analysis in a graphical user interface environment. Besson and Foerch [22] have
discussed aspects of object-oriented finite element
design that become relevant as the project size
increases. They have presented a detailed description
of the computational implementation issues, and also
a very interesting comparison between performance
of the OOP implementation using C⫹⫹, and an
existing FORTRAN implementation, with respect to
the Central Processing Unit (CPU) time, for
obtaining the elastic and viscoplastic solutions of a
plate problem. Recently, Jeremić and Sture [23]
presented a programming tool which facilitates
implementation of tensorial formulae associated with
the numerical solution of nonlinear problems (e.g.
elastoplastic) by means of the FEM. This brief
literature review gives some idea of past work
involving both OOP and FEM. However, the concepts above are not restricted to FEM, and extend
to other numerical methods such as the boundary
element method (BEM) [24,25].
Most of the above cited papers focus on computational aspects associated with OOP, rather than on
actual engineering applications. The approach
adopted in the present work consists of employing
OOP as an effective tool, which plays an essential
role in the FEM solution of structural mechanics
problems.

3. OOP Terminology
The basic OOP terminology, which is adopted here,
is provided below. The following terms are
presented and briefly discussed: object, class,
method, inheritance, polymorphism and reusability.
Another interesting explanation of these concepts,
including application examples, can be found in the
recent paper by Olsson [26].
쐌 object – is the primitive element of OOP. It
consists of a self-contained entity composed of
data and procedures. Their data items are referred
to as instance variables. Data and procedures
(functions) are said to be encapsulated into an
object, as shown in Fig. 1.
쐌 class – is a concept analogous to struct in the
conventional C language. Nevertheless, unlike the
notion of struct, classes contain functions as their
members [19]. Objects are instances of a class.
However, it is important to note that simply
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쐌 polymorphism – is one of the most important
concepts in OOP. It allows different methods,
from objects of different derived classes, to be
activated by the same message. As a consequence,
new objects can be created and added to the
program without having to change the existing
code.
쐌 reusability – is a concept analogous to the role
played by the library of functions in procedural
languages. In OOP, once a class is created, it
can be distributed among other OOP programs.
Moreover, the shared classes can be further
extended by the concept of inheritance.
Fig. 1. Message, methods and object.

defining a class does not necessarily create any
object [27]. According to Forde et al. [11], classes
may also be viewed as templates which describe
the organization of a given object type.
쐌 method – is a procedure attached to an object.
This procedure is activated when the object
receives a message. Therefore, the objects communicate by sending messages to each other.
Figure 1 also illustrates the idea of sending messages.
쐌 inheritance – is a mechanism that allows a new
class to be derived from an existing one. This
new class, called derived class, inherits both data
and procedures from the existing or base class.
In addition, new data and methods may be defined
in the derived class. This idea is illustrated in
Fig. 2. The concept of inheritance allows new
objects to be customized according to a given
application [11].

4. NonLinear Solver: NLSⴙⴙ
In this section, a supporting module for solving
nonlinear finite element systems of equations is
introduced [28]. It is called NLS⫹⫹ (NonLinear
Solver) and consists of a simple, robust, and unified
object-oriented (C⫹⫹) implementation of several
solution algorithms, such as load control, displacement control and arc-length control. By means of a
‘unified approach’ for solving nonlinear finite
element equations, the various solution algorithms
share a common interface, just differing on their
constraint equation, which is typical of each particular algorithm. Moreover, this module can be used
as a computational laboratory where new solution
schemes can be implemented and tested [28].
The nonlinear system of equations can be solved
by means of an incremental-iterative procedure,
based on the following general equation:
Kij ␦uij⫹1 ⫽ ␦ij⫹1 p ⫹ rij

(1)

where superscripts and subscripts refer to step and
iteration numbers, respectively, Kij is the tangent
stiffness matrix, p is the reference load vector, rij is
the unbalanced load vector, ␦uij⫹1 is the unknown
incremental displacement vector, and ␦ij⫹1 is the
unknown incremental load factor. Together with Eq.
(1), each scheme possesses its own constraint equation of the form
⌽(␦u,␦) ⫽ 0

Fig. 2. Example of class hierarchy.

(2)

resulting in a total of n ⫹ 1 equations for n ⫹ 1
unknowns (n components of the vector ␦uij⫹1 plus
the incremental load factor ␦ij⫹1), where n is the
total number of degrees of freedom.
A technique which preserves the overall efficiency
of the solution (bandness and symmetry of the
system matrix) consists of decomposing the displacement vector in two components such that [29]
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begin
if (j == First Iteration)
␦⬘j+1 ← f̄ // Prescribed Load Increment for Current Step (i)
else
␦⬘j+1 ← 0
endif
end
Pseudo-code 2. Control Class – the Newton–Raphson scheme.

Fig. 3. NLS⫹⫹ class organization.

obtained (see Step 1.4 of Pseudo-code 1), the main
steps of the Newton–Raphson scheme are shown in
the Pseudo-code 2.
The Model class is responsible for providing the
physical meaning of vectors and matrices of Eq. (1).
Its main methods are:
Fig. 4. Control Class Organization. GDCM stands for ‘generalized displacement control method’.

␦uij⫹1 ⫽ ␦ij⫹1 ␦uIij⫹1 ⫹ ␦uIIij⫹1

(3)

Kij ␦uIij⫹1 ⫽ p;

(4)

and
Kij ␦uIIij⫹1 ⫽ rij

By means of Eq. (3), Eqs (1) and (4) can be shown
to be equivalent [28].
Figure 3 shows the current class organization
adopted by the NLS⫹⫹ program. As illustrated in
Fig. 4, the Control class is responsible for the
implementation of several different solution schemes
(e.g. Newton–Raphson, displacement control, arclength, Generalized Displacement Control Method
(GDCM) [28,30]) for solving nonlinear systems of
the type described by Eq. (1). A comprehensive
exposition of all these schemes can be found in the
book by Yang and Kuo [31]. The main steps of the
unified approach adopted here are shown in Pseudocode 1. For the sake of completeness, and also to
illustrate how the incremental load factor (␦ij⫹1) is

Pseudo-code 1. Control Class – the unified approach.

쐌 computation of the reference load vector (p);
쐌 computation of the global internal force vector
(f̂g), used for computing the unbalanced load vector; and
쐌 computation of the global tangent stiffness
matrix (Kg).
In order to illustrate the assembly of the global
tangent stiffness matrix, Pseudo-code 3 shows the
main steps performed by a general method of the
Model class.
The Model class of Fig. 3 is linked to engineering
applications and modeling through the FEM. Figure
5 shows the organization adopted for this class,
where the derived classes and their meanings are
listed below:
쐌 ModBeam2D – Two-dimensional Geometric Nonlinear Beam Model;
쐌 Constitutive Model – Generic Model for Material
Nonlinear Problems.
Note that the derived ModBeam2D class contains
general methods for performing geometrical nonlinear analyses of discrete beam structures, while the
methods of the derived Constitutive Model class are
associated to the material nonlinear behavior of
continuum structures. The shaded boxes in Fig. 5
indicate the classes which are discussed in detail in
this work (see Sections 5 and 6). It is important to
mention that new physical models can also be nat-

Pseudo-code 3. Model Class – Global tangent stiffness matrix.
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configuration. The deformed configuration is
described by means of the position vector r(x),
defined as
r(x) ⫽ [x ⫹ u(x)] i ⫹ v(x) j

Fig. 5. Model class organization.

urally incorporated in the Model class (see Reference
28). Easy incorporation of new models is one of
the main features of the present FEM OOP system.
Finally, MathPack and MemPack (see Fig. 3) are
auxiliary classes responsible for general mathematical computations (e.g. norm of a vector, solution
of linear systems of equations) and dynamic memory
allocation, respectively.

5. Geometrically Nonlinear Problems
A brief description of a geometrically nonlinear twodimensional beam model is given here. It follows
the so-called ‘total formulation’, and is based on
the work by Pacoste and Eriksson [32,33], which
accounts for shear effects. This model is incorporated in the present FEM OOP system in the particular class ModBeam2D (see Fig. 5). The following
derivation gives an idea of the procedures required
to add a new model in the system.
Figure 6 shows the deformed configuration of a
plane beam subjected to large displacements and
rotations, but small strains. The reference configuration corresponds to a straight line element of length
L, initially on the local x axis.
Each point on the beam axis is subjected to axial
(u(x)) and transversal ((x)) displacements, and is
associated to a generic cross section S, which in
turn may undergo finite rotations ((x)), where the
abscissa x 苸 [0,L] is measured on the reference

Fig. 6. Plane beam: Initial and deformed configurations.

(5)

where i ⫽ [1,0], j ⫽ [0,1], and the superscript
T means transpose. Deformation measures can be
obtained by writing the tangent vector (⭸r(x)/⭸x)
with respect to the orthogonal basis (a,b), i.e.
T

T

⭸r(x)
⫽ [1 ⫹ ⑀(x)] a ⫹ ␥(x) b
⭸x
(x) ⫽

(6)

⭸(x)
⭸x

where ⑀(x), ␥(x) and (x) are linear strain, angular
strain, and curvature, respectively, and
a(x) ⫽ cos(x) i ⫹ sin (x) j

(7)

b(x) ⫽ ⫺sin(x) i ⫹ cos (x) j
are unit vectors orthogonal and parallel to the
deformed cross section. In general, the vectors
⭸r(x)/⭸x and a are not aligned (see Fig. 7). However,
alignment is preserved if the angular strain (␥(x))
is neglected, which occurs, for instance, in beams
described by Bernoulli hypothesis.
Combining Eqs (5), (6) and (7), one obtains
⑀(x) ⫽
⫹

冋

1⫹

(x) ⫽

册

cos(x)

⭸v(x)
sin(x) ⫺ 1
⭸x

␥(x) ⫽ ⫺
⫹

⭸u(x)
⭸x

冋

1⫹

⭸u(x)
⭸x

册

sin(x)

⭸v(x)
cos(x)
⭸x
⭸(x)
⭸x

Fig. 7. Detail of a generic plane beam cross section.

(8)
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The internal force (F) and moment (M) acting on
a generic cross section can be written as
F⫽Na⫹Tb
M⫽Ma⫻b

(9)

where the symbol ⫻ denotes the cross-product and
N, T and M are conjugate scalar variables with
respect to the deformation measures (in the energy
sense). Note that, according to Fig. 7, the axial
force (N) and the shear force (T) are normal and
parallel to the deformed cross section, respectively.
Assuming linear constitutive relation, one may write

Gaussian quadrature. As pointed out by Pacoste
and Eriksson [33], the procedure of using reduced
integration avoids locking problems. Once the
interpolation function and the integration strategy
are defined, all terms necessary to evaluate Eq. (11)
can be computed, e.g.
⭸u(x) uj ⫺ ui
⫽
⭸x
L
⭸v(x) vj ⫺ vi
⫽
⭸x
L
⭸(x) j ⫺ i
⫽
⭸x
L

N ⫽ EA⑀
T ⫽ GA␥
M ⫽ EI

(x) ⫽
(10)

1
2

冕

冉 冊

T

f̂ le

L

(EA⑀2 ⫹ GA␥2 ⫹ EI2) dx

(11)

0

冉 冊 冋
T

f̂ le

⫽

⭸U ⭸U
⭸U
,
, %,
⭸ui ⭸vi
⭸j

册

(13)

and
 ⭸2U
⭸ 2U
⭸ui⭸ui ⭸ui⭸vi


⭸U

uT ⫽ [u(x), v(x), (x)]

%

⭸ 2U 
⭸ui⭸j

%

⭸U
⭸j⭸j 

Kle ⫽  哸

⭸U
⭸
⭸u
⭸
 j i
j⭸vi

with respect to the nodal degrees of freedom

2

(û ) ⫽ [ui, vi,i; uj,vj,j]
l T
e

in a local coordinate system, as illustrated by Fig. 8.
Equation (11) can be evaluated by one-point

⫽ [Ni,Ti,Mi; Nj,Tj,Mj]

and the local tangent stiffness matrix Kle are obtained
by means of the following expressions:

5.1. Finite Element Aspects
The element for performing geometrically nonlinear
analysis of plane frames, taking shear deformation
into account, is described here. It is based on a
linear interpolation of the displacement field

(12)

The local internal force vector1

where EA, GA and EI are the axial, shear and
flexural rigidities, respectively. Accordingly, the
strain energy U is given by
U⫽

i ⫹ j
2

2

2





(14)

respectively. Finally, to obtain the internal force
vector and the tangent stiffness matrix with respect
to the global coordinate system (f̂ ge and Kge,
respectively), a transformation matrix T ⬅ T() of
order 6 is defined, where  is illustrated in Fig. 8.
5.2. Pseudo-codes of ModBeam2D
Pseudo-codes 4–6 illustrate the addition of a nonlinear beam model into the computational system.

1

Fig. 8. Finite element for plane beam problems.

Note that (Ni,Ti,Mi; Nj,Tj,Mj) are the nodal values of the internal
forces with respect to the local coordinate system, while (N,T,M)
are the internal forces acting on a generic cross-section, according
to a reference coordinate system as illustrated in Fig. 7.
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Pseudo-code 6. ModBeam2D Class – Element tangent stiffness
matrix.

5.3. Example using the ModBeam2D Class

Pseudo-code 4. ModBeam2D Class – eneral methods.

The goal of this section is to illustrate the practical
use of the ModBeam2D class by means of a nontrivial example of a frame-type structure, which exhibits
a complicated equilibrium path with snap back
behavior. Figure 9 shows a pin-supported plane
frame subjected to a single vertical concentrated
load. This problem was originally presented by Lee
et al. [34], and was also later studied by several
researchers such as Frey and Cescotto [35], Schweizerhof and Wriggers [36], Simo and Vu-Quoc [37],
Chen and Blandford [38] and Pacoste and Eriksson
[33]. Lee et al. [34] have presented an analytical
solution for the structural behavior of their frame
problem, which is characterized by large displacements and rotations. However, they did not consider
shear effects in their derivations. These effects are
considered in the formulation implemented in the
ModBeam2D class.

Pseudo-code 5. ModBeam2D Class – Element internal force vector.

Pseudo-codes 5 and 6 show how the element internal
force vector (f̂ ge) and element tangent stiffness
matrix (Kge), respectively, are obtained with respect
to the global coordinate system, within the context
of the ModBeam2D class. Other models (for performing geometrically and/or materially nonlinear
analyses of trusses, for example) can also be easily
added to the system. This feature (i.e. ‘ease of use’)
has been one of the main guiding principles in the
design of the present FEM OOP environment.

Fig. 9. Lee frame example description.
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The numerical data adopted for the Lee frame
example is also presented in Fig. 9. Because a load
control algorithm (e.g. Newton–Raphson) cannot
capture snap back behavior, this problem was solved
by means of the GDCM [30,39] (see Fig. 4). The
incremental-iterative solution procedure was carried
out with 200 steps, and the maximum number of
iterations that occurred in a step was 3. The convergence criterion was established in terms of the ratio
of the Euclidean norms of the unbalanced forces
(residual) and the reference load vector. Since the
latter is the unit for this example, the tolerance
(TOL) is the norm of the unbalanced forces which
was set as TOL ⫽ 0.001. The CPU time in a SUN
SunSPARCstation 20 (96 Mbytes of memory) was
46 seconds.
The load-displacement curves corresponding to
the displacements u and v, at the load application
point (fixed-point load), are given in Fig. 10, where
each dot on the curves corresponds to one step.
These results clearly show snap back behavior. The
capital letters in Fig. 10 denote a point in the
solution path corresponding to the deformed shapes
(for various load levels) shown in Fig. 11. The
results obtained here are in agreement with those
obtained by the program MASTRAN2 (Matrix
Structural Analysis 2) [40]. For instance, the limit
load obtained in the present study is 18.792KN (see
Fig. 10), and the MASTRAN2 result considering
classical beam theory (i.e. no transverse shear
effect2) is 18.454KN.

E.N. Lages et al.

Fig. 10. Load ⫻ displacement curves.

6. Materially Nonlinear Problems
Many materials (e.g. metals, polymers, ceramics,
soil, concrete and rock) may fail by some form of
localization of deformation. Consider, for example,
the compression test illustrated in Fig. 12. Localization is often followed by a decrease of the load
bearing capacity after reaching the peak load. It
often leads to fracture (either ductile or brittle)
because the deformations accumulated in the small
localization band facilitate rupture. As illustrated by
Fig. 12, an initially homogeneous state of deformation is differentiated from the one at the localization band, where the deformation increments
localize in a small region of the material. Experimental findings indicate that there is a relationship
between the size of the localization band and the
2
At the time of this writing, MASTRAN2 uses the simplified
notion of shear area (As) to deal with transverse shear deformation, however, this consideration was not employed here.

Fig. 11. Deformed shapes.

material microstructure. Thus, the important notion
of a ‘characteristic length’, which sets the size of
the band, is introduced.
With respect to the behavior described above,
consider the constitutive (stress/strain) relation
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continuum, and its corresponding implementation
using object-oriented concepts, are presented [42].
Additional strain (curvatures) and stress (couplestress) measures enter the kinematic and static
description of the continuum, which require the
introduction of additional material parameters
(internal length scale). In this way, the boundary
value problem remains well-posed after strain localization occurs [43].
Fig. 12. Macroscopic behavior in a compression test.

6.1. Cosserat (Micropolar) Continuum
through an homogenization procedure with respect
to the results of the test. The applied force is divided
by the cross-sectional area and the displacement at
the tip of the bar is divided by a certain gage length
(e.g. the initial length of the bar). Therefore, the
observed macroscopic (stress/strain) behavior is
described in a pointwise fashion.
After discretization of the continuum by the FEM,
the numerical solutions show pronounced dependence upon the discretization level, and are therefore
physically inconsistent [41]. The reason for this is
because classical constitutive models are expressed
in terms of (averaged) stresses and strains defined
locally. When a localized deformation mode gets
activated by a local defect, the characteristic deformation scale and the microstructure size become
comparable. The state of the material at a point
depends on the deformation history of a certain
neighborhood of this point (i.e. the material behavior
is nonlocal). Therefore, to remedy the situation, an
internal length scale (characteristic length) is used
in the continuum description.
Enhanced continuum models provide a consistent
treatment of localization problems, e.g. Cosserat
(micropolar) continuum, nonlocal (integral) model,
and higher-order gradient continuum. Here, an elastoplastic model within the framework of Cosserat
 11  2G(1−)
1−2
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In the Cosserat continuum (also denoted micropolar
continuum), the microstructure of the material is
explicitly taken into account, which permits to differentiate the rotation of the continuum
(macrorotation) from the rotation of the microstructure (microrotation) [44,45]. This leads to the following (linear) strain tensors
␥ij ⫽ uj,i ⫺ ⑀ijkk

(15)

kij ⫽ j,i

(16)

where ui and i are the displacement and microrotation vectors, respectively, and ⑀ijk is the alternator
tensor. The tensor ␥ij is associated to change of
dimensions and distortion, while the tensor kij is
associated to curvatures and twist of microstructure.
Figure 13 shows the generalized stresses associated
with the strain measures. The stress tensor is now
composed of stresses ij and couple-stresses ij, and
it is not necessarily symmetric anymore.
For plane strain and no initial stresses or deformations, the constitutive relationship for the linear
elastic and isotropic material is given by Eq. (17),
where G and  are classical parameters, denoted as
shear modulus and Poisson ratio, respectively. The
parameter ␣ relates the stiffness between the macrorotation and the microrotation, and the parameter ᐉ
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As usually done in computational solid mechanics,
the strain and stress tensors are recast in vector
form. All the strain components are assembled in
the strain vector
␥T ⫽ [␥11 ␥22 ␥33 ␥12 ␥21 兩 13ᐉ 23ᐉ ]

(24)

where the length parameter ᐉ has been introduced
so that all entries in ␥ are dimensionless. Accordingly, the stress components are assembled in the
stress vector
Fig. 13. Stress components for micropolar continuum.

T ⫽ [11 22 33 12 21 兩 13/ᐉ 23/ᐉ]

has the dimension of length, and therefore introduces
a length scale in the continuum description.
The differential equations of equilibrium are
expressed by
ji,j ⫹ fi ⫽ 0

(18)

ji,j ⫹ ⑀ijk jk ⫹ Ii ⫽ 0

(19)

In compact notation, J2 (see Eq. (22)) can be
rewritten as [47,48]

(20)

ji nj ⫽ mi in Sm or i ⫽ i in S

(21)

 2
3




冑

(22)

where J2 is the second invariant of the deviatoric
stresses, and (␤) is the yield stress which depends
upon the hardening (or softening) parameter ␤. The
specific function adopted in this work is
(␤) ⫽ Y ⫹ h␤

(23)

where Y is the yield stress, and h is the plastic
modulus. Other hardening functions can also be
employed within the present framework of analysis.

⫺

1
1
⫺
3
3

0 0 0 0

1
3

0 0 0 0

⫺

1
3

⫺

1
1
⫺
3
3

P=

6.2. Cosserat Elastoplastic Model

f ⫽ 3J2 ⫺ (␤)

(26)

where

where St, Sm, Su and S denote regions of the
boundary with prescribed stress, couple-stress, displacements and microrotations, respectively.

The main feature of Cosserat elastoplasticity is the
use of the classical plasticity framework [46] by
augmenting the vectors and matrices involved. This
leads to an elegant formulation, which is also natural
to the OOP philosophy.
The yield function adopted here is a generalization
of the classical von Mises criterion, and it is
given by

1
 P 
2 i ij j

J2 ⫽

where fi and Ii are body forces and body couples
per unit volume, respectively.
In this enriched continuum, the boundary conditions to be specified are
ji nj ⫽ ti in St or ui ⫽ ui in Su

(25)

2
3

⫺

2
3

0 0 0 0
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0

0

1 1
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2 2

0

0

0
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 0

0

0

0 0 0 1 

(27)

According to the plasticity criterion adopted here,
the material is not sensitive to the hydrostatic and
anti-symmetric states of the stress tensor. For a
point (ij, ␤) on the yield surface, the flow rule
(associated) is given by
3·
␥· pi ⫽
(28)
Pij j
2(␤)
where the superscript p stands for plastic, and the
superimposed dot refers to the rate variation, which
is a standard terminology in theoretical and computational inelasticity. The variation of the parameter
␤, which is conjugate to the definition of J2 [46], is
·
␤⫽

冪3 ␥·

leading to
·
␤ ⫽ ·

2

p
i

Pij ␥· pj

(29)

(30)
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6.3. Class Organization
In general, the establishment of equilibrium in a
system exhibiting material nonlinear behavior can
be understood in two levels: first, the global equilibrium, which is considered here through the environment NLS⫹⫹ (see Section 4) and, secondly, the
local equilibrium, at the level of quadrature points
with specific treatment for each constitutive model.
The discretization procedure used in the structural
model class, which is part of the NLS⫹⫹ environment, is responsible for defining the internal force
vector of the structure, as well as its tangent stiffness
matrix. In the FEM context, these quantities are
generated from contributions of the elements in the
mesh, which are evaluated by means of pieces of
information obtained in a finite number of points
(i.e. quadrature points). To build the internal force
vector, the basic problem consists of determining
the increment of stress at the integration point, from
the increment of deformation. The tangent stiffness
matrix is defined such that it is consistent with the
current deformation state [46].
On the basis of how constitutive behavior affects
the overall nonlinear process, an organization for
the class Constitutive Model is suggested in Fig. 14.
The objective of this class is to effect the integration
of constitutive equations for each mathematical
model used to describe the nonlinear behavior.
Initially, two major groups generating subclasses of
the Constitutive Model class are identified, each
of which executes specific tasks to integrate the
constitutive equations. The sub-classes are: Linear
Elastic and Elastoplastic. An instance of this class
is referenced at each quadrature point of the element.
Although the von Mises model is a particular case
of the Micropolar von Mises model, they are at the
same level in the diagram of Fig. 14 because inheritance of methods has not been employed in the
present computational setting.
According to the scope of the present work, Table
1 presents the main equations involved in the sub-

Fig. 14. Hierarchy of the Constitutive Model Class.
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class Elastoplastic [46]. In elastoplastic constitutive
models, stresses can be determined from the strain
state (strain driven problem) through return-type
algorithms (e.g. Cutting-plane algorithm). In this
work, emphasis is given to the Closest Point Projection [46]. Since this algorithm is a common task to
all sub-classes derived from the Elastoplastic class,
it is one of the main methods of this class. The
Closest Point Projection algorithm is based on linearization and simultaneous satisfaction of the yield
function, flow rule and hardening law; and can be
thought as an application of the Newton–Raphson
method to this set of equations. Table 2 presents
the main steps involved in this algorithm.
The sub-classes derived from the Elastoplastic
model should provide the dimensions of vectors and
matrices involved, as well as specific pieces of
information associated with each model (e.g.
f,⭸f/⭸,⭸f/⭸q,⭸2f/⭸2,⭸2f/⭸q2,⭸2f/⭸⭸q,⭸2f/⭸q⭸ and
D). The elastic constitutive matrix C is provided by
an auxiliary class responsible for the analysis type
(e.g. plane stress, plane strain, axisymmetric). This
class, called Analysis Model class, is also responsible
for providing the strain-displacement matrix, which
Table 1. Classical rate independent plasticity
(1)

Additive decomposition of strain tensor:
␥ ⫽ ␥e ⫹ ␥p, where ␥e and ␥p
represent elastic and plastic deformations,
respectively.

(2)

Elastic constitutive equation:
 ⫽ C␥e ⫽ C(␥ ⫺ ␥p), where C is the linear
elastic constitutive matrix.

(3)

Yield function:
f(,q) ⱕ 0, where  and q represent the stress
state and the internal variables of the constitutive
model, respectively. For the specific micropolar
elastoplastic constitutive model presented,
q ⫽ ⫺{h␤}.

(4)

Associative flow rule:
·
· ⭸f
·
␥p ⫽  , where  is the plastic multiplier (or
⭸
consistency parameter)

(5)

Hardening law:
·
· ⭸f
· ⭸f
·
q ⫽ ⫺D or ␣ ⫽  , where: ␣ ⫽ ⫺D⫺1q.
⭸q
⭸q
For the micropolar elastoplastic constitutive model,
D ⫽ [h] and ␣ ⫽ {␤}.

(6)

Kuhn–Tucker loading/unloading conditions:
·
·
 ⱖ 0, f ⱕ 0, f ⫽ 0

(7)

Consistency condition:
··
f ⫽ 0
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Table 2. Closest point projection algorithm
(1)

Initialize: (k)
(k)
k ⫽ 0, ␥pn⫹1 ⫽ ␥pn, ␣(k)
n⫹1 ⫽ ␣n, ⌬n⫹1 ⫽ 0

(2)

Compute stresses, internal variables, yield function
and flow rule/hardening law residuals:
(k)
n⫹1 ⫽ C
q

(k)
n⫹1

冉

(k)

␥n⫹1 ⫺ ␥pn⫹1

⫽ ⫺D ␣

冉

(k)
n⫹1

(k)
(k)
f(k)
n⫹1 ⫽ f n⫹1,qn⫹1

R(k)
n⫹1 ⫽

再

⫺␥

p(k)
n⫹1

⫺␣

冊

⫹␥

(k)
n⫹1

冊

p
n⫹1

⫹ ␣n

冎

⫹ ⌬(k)
n⫹1

⭸f(k)
n⫹1
⭸

冦 冧
⭸f(k)
n⫹1
⭸q

(3)

(k)
If f(k)
n⫹1 ⱕ TOL1 and 储R n⫹1储 ⱕ TOL2 then STOP,
else:

(4)

Compute Hessian matrix of the Newton’s problem:

冉 冊

⫺1

A(k)
n⫹1

冤
(5)

⫽

⭸2f(k)
n⫹1
C⫺1 ⫹ ⌬(k)
n⫹1
⭸2
⭸2f(k)
n⫹1
⌬(k)
n⫹1
⭸q⭸

⭸2f(k)
n⫹1
⌬(k)
n⫹1
⭸⭸q
D⫺1 ⫹ ⌬(k)
n⫹1

⭸2f(k)
n⫹1
⭸q2

冥

Compute increment of increment of plastic
consistency parameter:
T
T
⭸f(k)
⭸f(k)
n⫹1
n⫹1
(k)
f(k)
A(k)
n⫹1 ⫺
n⫹1Rn⫹1
⭸
⭸q
(k)
⌬⌬n⫹1 ⫽
⭸f(k)
n⫹1
(k)
T
(k)
T
⭸
⭸fn⫹1
⭸fn⫹1
A(k)
n⫹1
⭸
⭸q
⭸f(k)
n⫹1
⭸q

冋冉 冊 冉 冊 册

冋冉 冊 冉 冊 册

(6)

冦 冧

Obtain incremental plastic strains and internal
variables:
(k)
⌬␥pn⫹1
C⫺1 0
⫽
A(k)
n⫹1
⌬␣(k)
0 D⫺1
n⫹1
(k)
⭸fn⫹1
⭸
(k)
R(k)
n⫹1 ⫹ ⌬⌬n⫹1
⭸f(k)
n⫹1
⭸q

再

冦

冎 冋

册

冦 冧冧

(7)

Update state variables and increment of
consistency parameter:
(k⫹1)
(k)
(k)
␥pn⫹1 ⫽ ␥pn⫹1 ⫹ ⌬␥pn⫹1
(k)
(k)
␣(k⫹1)
n⫹1 ⫽ ␣n⫹1 ⫹ ⌬␣n⫹1
(k)
(k)
⌬(k⫹1)
n⫹1 ⫽ ⌬n⫹1 ⫹ ⌬⌬n⫹1

(8)

k ⫽ k ⫹ 1 and GOTO Step (2).

is used for computing the element internal force
vector and the element tangent stiffness matrix. This
is an auxiliary class for the Constitutive Model
class, which plays a role somehow analogous to the
auxiliary classes MathPack and MemPack of the
NLS⫹⫹ system, illustrated in Fig. 3. Improvement
in computational performance can be achieved if
the inverses of C and D are also provided by the
corresponding classes.
When the structure reaches global equilibrium,
the Elastoplastic class requires a method for updating the ‘state variables’ at the equilibrium point
(e.g. ␥pn⫹1 and ␣n⫹1). Finally, the tangent constitutive
matrix must be defined in the Elastoplastic class.
Here the so-called Algorithmic Tangent Elastoplastic
Moduli is used, which is consistent with the algorithm employed to update the stresses [46], and it
leads to
Cep
alg ⫽ An⫹1 ⫺



冋冉


(31)
if · ⫽ 0

C

冉 冊
冊冉 冊册

T

⭸fn⫹1 ⭸fn⫹1
An⫹1
An⫹1
⭸
⭸
⭸fn⫹1
 ⭸
⭸fn⫹1 T ⭸fn⫹1 T
An⫹1 
⭸
⭸q
⭸fn⫹1
 ⭸q







if · ⬎ 0


where An⫹1 is given in Step 4 of Table 2. It is
worth noting that for a linear elastic analysis, the
matrix C is not modified by the Linear Elastic
class, and for an elastoplastic analysis, it is modified
according to Eq. (31). Thus, whenever necessary,
the derived classes of the Constitutive Model class
can modify the matrix C.

6.4. Example Involving Localization of
Deformation
To demonstrate that the present implementation
works and to illustrate the use of the OOP environment, consider the compression test illustrated in
Fig. 15, in which strain localization into a shear
band takes place at the onset of softening. This
figure illustrates the geometry and boundary conditions of the test specimen, which is modeled as a
plane strain problem. The bottom edge does not
move and the upper edge is constrained to move as
a linear segment (without rotation). For comparison,
this problem is analyzed using both classical and
Cosserat elastoplastic models.
The problem domain is discretized with 9-node
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of steps (#Steps), and the maximum number of
iterations in a step (#Iterations (max)).
Figure 19 shows the relation between the applied
load level and the vertical displacement at the upper
face of the test specimen for different discretization
levels. This graph shows that the descending
branches of the curve tend to get closer to the
ascending branch as the mesh is refined. The results
also depend on the arrangement of the elements, i.e.
exhibit directional bias. Moreover, the deformation
tend to localize in a region of zero thickness (see
Figs 16, 17 and 18) with vanishing dissipative
energy. This pathological behavior is remedied by
means of the micromorphic continuum model, which
is discussed next.
Fig. 15. Compression test layout.

Table 3. Numerical results for the classical continuuma
Discretization
08⫻16
16⫻32
28⫻56

#DOF
1056
4160
12656

#Steps
240
136
92

#Iterations(max)
11
14
76

a
SUN SunSPARCstation 20 with 96 Mbytes of memory running
SunOS 4.1.4

quadratic Lagrangian finite elements using Gaussian
integration with nine quadrature points per element.
The nonlinear system of equations is solved by
means of the GDCM (see Fig. 4), which is the
same method employed to solve the Lee frame in
Section 5.3. The tolerance criterion for convergence
of the iterations is defined as the ratio between the
norm of the unbalanced force vector and the norm
of the reference force vector, and it is set as TOL
⫽ 0.0001. To follow an equilibrium path associated
with a localized deformation mode, a relatively small
(1% of the vertical loading) uniformly distributed
horizontal loading at the upper face, and a 5%
reduction of Y for the element with bottom righthand side node located at L/8 from the bottom edge
of the specimen (see Fig. 15) are used.
6.4.1. FEA Using Classical Elastoplastic Model
The values of the parameters necessary to perform
this analysis are given in Fig. 15. Three levels of
mesh discretization are employed, and the deformed
configurations for the final step of the analyses are
shown in Figs 16, 17 and 18. For each discretization,
Table 3 shows the number of degrees of freedom
(#DOF) in the finite element model, the total number

6.4.2. FEA Using Cosserat Elastoplastic Model
In this analysis, the degrees of freedom corresponding to microrotation are set free for all the nodes of
the finite element meshes. The additional parameters
required for the Cosserat material are also given in
Fig. 15. The same initial meshes adopted in the
classical analysis are used here, and the deformed
configurations for the final step of the analyses are
shown in Figs 20, 21 and 22. Selected representative
results are provided in Table 4, which uses the same
nomenclature as Table 3.
The equilibrium trajectories for the various levels
of discretization are given in Fig. 23, which shows
reduced sensitivity to mesh refinement, leading to a
more stable solution. The agreement on the postpeak trajectory, especially for the meshes 16 ⫻ 32
and 28 ⫻ 56, guarantees a finite dissipative energy
and localization to a band of finite thickness (see
Figs 20, 21 and 22).
6.4.3. Comparison
It is worth comparing Table 3, and Figs 16, 17, 18
and 19 for the classical elastoplastic model with
Table 4, and Figs 20, 21, 22 and 23 for the Cosserat
elastoplastic model. In Figs 16 to 18, and 20 to 22,
the deformations have been amplified by a factor of
15. Moreover, the CPU time required by the
Cosserat continuum is approximately three times the
one required by the classical continuum.

7. Conclusions and Extensions
An OOP framework for solving physical problems
in solid and structural mechanics, by means of the
FEM, has been presented. The approach adopted
herein consists of using OOP as a tool, which plays
a crucial role in the application of the FEM to the
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Fig. 16. Classical: 8 ⫻ 16.

Fig. 17. Classical: 16 ⫻ 32.

Fig. 18. Classical: 28 ⫻ 56.

Table 4. Numerical results for the Cosserat continuuma
Discretization #DOF
08⫻16
16⫻32
28⫻56

1617
6305
19097

#Steps
320
224
184

#Iterations(max)
26
22
20

a
SUN SunSPARCstation 20 with 96 Mbytes of memory running
SunOS 4.1.4

Fig. 19. Equilibrium trajectories for the classical continuum. The
inclination of the post-peak branch is different for each mesh.

solution of engineering mechanics problems. Specific
applications involve a geometrically nonlinear beam
model and the elastoplastic Cosserat continuum.
Examples have been provided, which illustrate the
main features of the computational system.
The overall class organization for nonlinear mechanics modeling has been presented. All analyses rely

on a general control class where several classical
(e.g. Newton–Raphson) and modern (e.g. arc-length)
nonlinear solution schemes are available.
Potential extensions of this work include development of a parallel computing object oriented
environment, and extension of the present ideas to
other numerical methods, such as the Boundary
Element Method (BEM). It would be interesting to
integrate the parallel computing techniques presented
by Hsieh et al. [49,50] with the present ideas on
finite element analysis using OOP, and additional
concepts on distributed data objects and tasks. With
respect to extension of the OOP framework to other
numerical methods, it is worth investigating applications of OOP to novel numerical techniques such
as the symmetric-Galerkin BEM [51, 52]. These
topics are currently under investigation by the
authors.
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Fig. 20. Micropolar: 8 ⫻ 16.

87

Fig. 21. Micropolar: 16 ⫻ 32.

Fig. 22. Micropolar: 28 ⫻ 56.
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